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Abstract 



We consider group actions a: G ^ Aut(^) of topological groups G on C*-algebras A of the 
type which occur in many physics models. These are singular actions in the sense that they 
need not be strongly continuous, or the group need not be locally compact. We develop 
a "crossed product host" in analogy to the usual crossed product for strongly contirmous 
actions of locally compact groups, in the sense that its representation theory is in a natural 
bijection with the covariant representation theory of the action a: G ^ Aut(^). We prove 
a uniqueness theorem for crossed product hosts, and analyze existence conditions. We also 
present a number of examples where a crossed product host exists, but the usual crossed 
product does not. For actions where a crossed product host does not exist, we obtain a 
"maximal" invariant subalgebra for which a crossed product host exists. We further study 
the case of a discontinuous action a: G — >■ Aut(yl) of a locally compact group in detail. 
Keywords: automorphic group action, C*-algebra, topological group, crossed product, 
host, group algebra, covariant representation, multiplier algebra, Weyl algebra, quantum 
field 

Mathematical Subject Classification: 22F50, 46L55, 81T05, 81R15 

1 Introduction 

A large part of the C*-algebra literature is concerned with crossed products for strongly contin- 
uous group actions a: G Aut{A) of locally compact groups on C*-algebras. A particularly 
useful property of a crossed product is that there is a natural bijection of its representation 
theory with the covariant representation theory of the triple G, a). This allows one to ana- 
lyze the covariant representation theory of an action a by analyzing the representation theory 
of the crossed product, using the usual C*-algebraic tools and structure theory. In addition, 
crossed products allow one to extend tools of group representation theory to covariant represen- 
tations, e.g. Mackey's theory of induced representations. According to |Ta67j this was one of 
the main motivations to introduce crossed products. We refer to |Wil07) for references to the 
basic literature. 

The paper of Doplicher, Kastler and Robinson |DKR66j . where crossed products were first 
defined in full generality, was however motivated by physics. The main idea here was that 
the field C*-algebra of a (relativistic) quantum system should encode in bounded form all the 
algebraic relations of the concrete system of operators describing the system, but in addition. 
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its representation theory should comprise only the physically relevant representations. In the 
quantum field theory context this meant that the field algebra should have as representations all 
those covariant representations w.r.t. the action of the Poincare group, which satisfy a certain 
spectral condition for the translation subgroup. In [DKR66) , the crossed product for a strongly 
continuous action a : G — > Aut(^) of a locally compact group G acting on a C*-algebra A was 
constructed to carry the covariant representation theory. In a later section of the paper, it was 
shown that one could factor out by an ideal of the crossed product in order to obtain a C*- 
algebra whose representations correspond to covariant representations which satisfy the desired 
spectral condition. 

In contrast to the mathematical success of crossed products, the application of crossed prod- 
ucts to physics has been limited. As pointed out on many occasions by Borchers [Bo83l lBo96] . 
in quantum field theory the natural actions a: G — > Aut(^) are usually not strongly continuous, 
and the groups G need not be locally compact, e.g. they may be infinite-dimensional Lie groups, 
such as the group of gauge transformations. Here we want to address this particular problem, by 
developing a "crossed product" for such singular actions, i.e. we want to construct a G*-algebra 
C whose representations correspond to covariant representations of a: G — > Aut(,4) in the same 
manner than for the usual crossed product. Such an algebra C will be called a crossed product 
host, and our definition for it below borrows ideas from Raeburn (cf. [Rae88| ). and sidesteps 
the usual construction via twisted convolution algebras. We will include spectral conditions into 
the framework from the start, because it is sometimes easier to construct the crossed product 
host whose representations satisfy a spectral condition, than one who does not. We will obtain 
existence and uniqueness results for crossed product hosts, and provide a number of examples 
where a crossed product host exists, but the usual crossed product does not exist. We will study 
the case of a discontinuous action a : G — >■ Aut(^) of a locally compact group G in detail. 

A general crossed product is not particularly useful for physics, because, as a rule, not all 
representations of the field algebra are physically acceptable;- there is usually a specified subclass 
of representations, and only covariant representations from this subclass are allowed. This means 
we are sometimes forced to deal with a situation where we know that a representation is not the 
representation of a crossed product host for the given action. Our strategy will be to reduce A 
to a subalgebra Ac preserved by the action ac, for which the given representation becomes that 
of a crossed product host, and it is maximal in a suitable sense. The justification is as follows. 

The construction of a G*-algebra whose representation theory satisfies some physical condi- 
tion, can be thought of as an application of quantum constraint theory. In quantum constraint 
theory one starts with some convenient initial C*-algebra which encodes algebraically the system 
we want to describe. We then impose physically motivated restrictions on its representations, 
and seek the optimum G*-algebra which will have as representations only those which satisfy 
the restrictions. These restrictions can be where one requires some operator identity to hold 
("supplementary conditions", cf. |Gr06] ). or requiring that some subgroup of a symmetry group 
acts trivially (cf. |La95j), or that some one-parameter unitary groups must be strong operator 
continuous (regularity condition for the Weyl algebra [GrNOQj V or that some symmetry group 
is covariantly represented and satisfies some spectral condition (cf. [Bo96j ). Typically there will 
be some elements of the original algebra which are incompatible with the constraint conditions, 
and these need to be excluded before one constructs the final physical algebra, and we will find 
a similar situation below. 

The structure of this paper is as follows. We start with a short list of essential notation 
and concepts in Section 2, and in the next section we recall the concept of a host algebra, 
which generalizes the concept of a group algebra beyond locally compact groups, and also for 
subtheories of the continuous representation theory rather than the full continuous representation 
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theory. In Section |4] we introduce our definition of a crossed product host relative to a choice 
of host algebra £, explore its basic properties, give examples, and obtain a uniqueness theorem. 
Then in In Section [5] we analyze existence criteria for crossed product hosts, and these are 
combined in the concept of a cross-representation, which always allow for the construction of 
a crossed product host. We study the properties of these representations, and construct a 
universal covariant /^-representation. This is a cross representation if and only if there is a 
crossed product host for the full theory of covariant /^-representations. We give examples where 
a crossed product host exists, but the usual crossed product does not exist. In Section [5] we 
consider special situations where we can prove existence of crossed product hosts, i.e. that a 
given covariant representation (tt, [/) of a : G — > Aut{A) is a cross representation. These include 
where the host £ is represented by compact operators, where G is compact and Spec([/) is 
finite or U is of finite multiplicity, and finally, if we have a semidirect product G — N yi^ H 
of locally compact groups, and {tt,U\N) and {tt,U\H) are cross representations. For each 
special situation we develop a number of further interesting examples. In Section [7] we consider 
non-cross representations, i.e. covariant representations which do not allow construction of a 
crossed product host. The motivation comes from physics, as explained above. We isolate a 
natural subalgebra Ac preserved by the action ac, on which the given representation restricts 
to a cross representation. In Section |8] we study the special case of a discontinuous action 
a: G — Aut(^) of a locally compact group G, and give very concrete criteria for the existence 
of a crossed product host. Finally, in Section |9] we develop three examples which are useful 
for bosonic quantum systems, and where crossed products do not exist in the usual sense. We 
conclude with a number of appendices, in which we give technical lemmas required in the proofs 
as well as further related material which do not easily fit into the main text. 



Contents 

1 Introduction [l| 

2 Basic concepts and notation 

3 Generalizing group algebras host algebras 

4 Crossed product hosts uniqueness 

5 Crossed product hosts existence [12I 

6 Cross representations special cases. 



6.1 Cross representations via compact operators 

6.2 Cross representations for compact groups . 

6.3 Cross representations of semidirect products 

7 Non-cross representations 

8 Crossed products for discontinuous actions 

9 Examples 

10 Discussion 

A Some facts on multiplier algebras 



27 



36 



41 



46 



46 



3 



B Functionals and hereditary C*-subalgebras 



50 



C Regularity properties of unitary group representations K 

C.l Abelian groups 51 

C.2 Compact groups [53 



2 Basic concepts and notation 

Below we will need the following. 

Definition 2.1. (i) For a C*-algebra A, we write M{A) for the multiplier algebra of A. If A 
has a unit, U(yl) denotes its unitary group. There is an injective morphism of C*-algebras 
LA - A—>- M{A) and we will just write A for its image in M{A). Then A is dense in M{A) 
with respect to the strict topology, which is the locally convex topology defined by the 
seminorms 

PAiM) := \\M -AW + WA- Af II, A e A, Me M{A) 
(cf. [&;i68l Prop. 3.5] and |Wo95l Prop. 2.2]). 

(ii) Let A and £ be C*-algebras and (p: A M{C) be a morphism of C*-algebras. We say 
that Lp is non- degenerate if span((/3(yi)>C) is dense in C (cf. |Rae88| ) . A representation 
TT : A B{H.) is called nondegenerate if Tr(A)'H is dense in the Jiilbert space H. 

Nondegeneracy is an important concept, and in Appendix A we list useful properties for it. If 
(p: A ^ M{B) is a morphism of C*-algebras which is non-degenerate, then we write ip: AI{A) — > 
M{B) for its uniquely determined extension to the multiplier algebras (cf. [Ne081 Prop. 10.3]). 

For a complex Hilbert space H, we write Kep{A,H) for the set of non-degenerate represen- 
tations oi A on H, and & {A) for the set of states of A. To avoid set-theoretic subtleties, we will 
express our results below concretely, i.e., in terms of Kep{A,H) for given Hilbert spaces H. We 
have an injection 

Rep{A,'H) ^Rep{M{A),n), tti^tt with tt o = tt, 

which identifies a non-degenerate representation tt of ^ with the representation tt of its multi- 
plier algebra which extends tt. The representations of M{A) on H arising from this extension 
process are characterized as those representations which are continuous with respect to the strict 
topology on M (A) and the strong operator topology on 3(1-1), or equivalently by non-degeneracy 
of their restriction to A (cf. [NeOSl Prop. 10.4]). We will refer to tt as the multiplier extension 
of TT. It can be obtained by 

n{M) = s-liTjnT{MEx) VM G M{A) 

A— >oo 

where {Ex)\£A is any approximate identity of A. 

If S is a C*-algebra, and X is a left Banach ;B-module, then the closed span of BX satisfies 
spaH(SX) ^ BX ^ {Bx \ B e B,x e X} (cf. |Bla06l Th. II.5.3.7] or [PaMl Th. 5.2.2]). 
In particular it implies that if (p: A — > M{C) is non-degenerate, then C — ip{A)C, and if 
TT : A^ B{V.) is a non-degenerate representation, then span{TT{A)'H) — 7r(y^)H. We wiU use the 
notation [S*] := span(S') where S C Y and F is a Banach space. 

For topological groups G and H we write IIom(G, H) for the set of continuous group ho- 
momorphisms G ^ H. We also write Rep(G', ?^) for the set of all (strong operator) continuous 
unitary representations of G on "H . Endowing U('H) with the strong operator topology turns it 
into a topological group, denoted \]((H.)s, so that Rep(G,H) = Hom(G, U(H)s)- 
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Definition 2.2. (i) We write {A,G,a) for a triple, where A is a C*-algebra, G a topological 
group and a; G — > Aut(yl) is a homomorphism. We call a strongly continuous if for every 
A £ A, the orbit map : G ^ A, g ctff(^) is continuous. If a is strongly continuous, we call 
{A,G,a) a C* -dynamical system (cf. |Pe89] . |BR021 Def. 2.7.1]), or say that the action is Co- 
Unless otherwise stated, we will not assume that a has this property and simply speak of the 
triple {A, G, a) as an G* -action. The usual case will mean that the action is Cq, and the group 
G is locally compact. 

(ii) A covariant representation of {A, G, a) is a pair (tt, [/), where ir: A ^ 8(1-1) is a nonde- 
generate representation of A on the Hilbert space T-L and U : G ^ U(?^) is a continuous unitary 
representation satisfying 

Uig)n{A)U{gy ^7:{ag{A)) for geG,aeA. (1) 

For a fixed Hilbert space H, we write Rep(a,?^) for the set of covariant representations (tt, U) 
of {A, G, a) on H. 

3 Generalizing group algebras — host algebras 

In the usual case for a : G Aut(^), the crossed product >^ „ G is constructed from the group 
algebra C*{G) and A (cf. |Rae88) ) . Here we want to follow a similar strategy. 

For our case, as we do not necessarily make the usual assumptions for {A,G,a), we need 
to generalize the concept of a group algebra (cf. jGr05[ INeOS) ). This is to allow for topological 
groups which are not locally compact, or for representation theories restricted by some given 
condition (e.g. spectral conditions - see |GrN12| ). The main task of the usual group algebra is to 
carry the continuous unitary representation theory of the group. This is the property which we 
will generalize, by seeking a G*-algebra which will carry the desired subclass of representations 
of G in a natural way. 

Definition 3.1. Let G be a topological group. A host algebra for G is a pair (£, 77), where C is 
a G*-algebra and r/: G U(Af(£)) is a group homomorphism such that: 

(HI) For each non-degenerate representation (7r,'H) of C, the representation tt o ry of G is con- 
tinuous. 

(H2) For each complex Hilbert space H, the corresponding map 

?7*: Rep(£,-H) ^ Rcp(G,H), Tr^^nor] 

is injective. 

We write Rep(G, 'H)^ for the range of 77*, and its elements are called C-representations of G. 
Note that 77* depends on T-L. 

We call (£,77) a full host algebra if, in addition, we have: 

(H3) Rep{G,'H)jj — Rep(G, "H) for each Hilbert space H. 

Given U e Rep(G,'H),,, we write Uc ■— {r]*)^^{U) £ Rep(£,'H) for the unique representation 
of £ such that Uc ° v = U- 

Thus by (H2) and (H3), a full host algebra, when it exists, carries precisely the continuous 
unitary representation theory of G, and if it is not full, it carries some subtheory of the continuous 
unitary representations of G. In particular, if we want to impose additional restrictions, e.g. a 
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spectral condition, then we will specify a host algebra which is not full. Since specification of 
a non-full host £ restricts the representation theory of G, it can be thought of as a quantum 
constraint. This will make more sense below in the context where G acts on A. In general, host 
algebras need not exist, as there are topological groups with continuous unitary representations, 
but without irreducible ones (cf. [GNOl] ). and 77* preserves irreducibility for host algebras. 
The existence of a host algebra for the fixed subclass of representations of G means that this 
class of representations is "isomorphic" to the representation theory of a C*-algebra. The 
standard example is when G is locally compact, and we take C ~ C*{G) with the canonical 
map rj: G ^ U(M(C*(G'))). At the end of this section there is a list of other examples. 

We consider the strict continuity of the map 77: G — )■ U(M(£)) in the definition (cf. |Ne08[ 
Rem. 4.14]): 

Proposition 3.2. Let G he a topological group, C he a C* -algebra and rj: G —?' U(Af(£)) he a 
group homomorphism. 

(i) If rj: G ^ U(M(£)) is strictly continuous, then it o rj is continuous for each n £ Rep(£,'H), 

i.e. (HI) is satisfied. 

(ii) 77(G) spans a strictly dense suhalgehra of M{C) if and only if rj* is injective for all %. 

(iii) Let := {L E C \ G — > 1— > rj{g)L is continuous] and Cc H (C^)* . Then 

is a closed right ideal, hiinvariant under G, and Cc is a G* -suhalgehra of C which 
is G -hiinvariant, and the corresponding homomorphism rjc'. G ^ U(M(£c)) is strictly 
continuous. 

(iv) Let rj: G ^ U(M(>C)) he such that rj* is injective for all %. Then Cc is a closed two-sided 

ideal of M{C) and the corresponding morphism 7: M{C) — M{Cc) is strictly continuous 
and satisfies ^ o rj — rjc. Moreover {Cc, rjc) is a host algehra for G. 

Proof, (i) This follows from the strict continuity of the multiplier extension tt. 

(ii) If 77(G) spans a strictly dense subalgebra of M{C), then as the extension tt of a non- 
degenerate representation tt of £ is strictly continuous, 7/* is injective for all T-L. If, conversely, 
?7* is injective for all %, then span(77(G)) is strictly dense in M{C) by |Wo95[ Prop. 2.2]. 

(iii) Most of the claims are direct verifications. Note that C^ is closed because G acts by 
isometrics on C. 

(iv) Since 77* is injective for all %, (ii) implies that 77(G) spans a strictly dense subalgebra 
of M{C). Then the G-biinvariant closed subalgebra Cc of £ is a two-sided ideal of M{C), so 
7 has the claimed properties. To verify the host properties of Cc, note that (HI) follows from 
the strict continuity of ?7c. Moreover ^{M{C)) contains Cc, so that it is strictly dense in AL{Cc) 
( jWo951 Prop. 2.2]). Therefore 77c(G) — ^{ij{G)) spans a strictly dense subalgebra of M{Cc), 
which implies that rj* is injective for all %, as we have seen in (ii). □ 

Remark 3.3. If {C,rj) a host algebra for G and {tt,H) is a non-degenerate representation of C, 
then tt{C)" = (tt o rj){G)". To see this, note that by Proposition 13 . 2f ii) . span 77(G) C M{C) as 
well as £ C M[C) are both strictly dense algebras. Thus using the strictly continuous extension 
of TT from £ to M{C), we get that the strong operator closures of 7r(£) and span(7ro?7)(G) are the 
same. It follows for the commutants that 7r(£)' = (tt o rj){G)' , hence that 7r(£)" = (tt o rj){G)" . 

Definition 3.4. Let G and H be topological groups and (C^rj^), resp. {Ch,V^), be host 
algebras for G, resp. H. Then a morphism of host algehras is a pair ((/3, 7/;), where ip: H G 
is a continuous group homomorphism and ip : Ch Cq is a non-degenerate morphism of G*- 
algebras whose extension M{Ch) M{Cg) satisfies 

T H G 

tp o rj ^ rj o ip. 



6 



Example 3.5. Typical examples of morphisms of host algebras in the case of locally compact 
groups with group algebras as hosts, arise from inclusions Lp\ H ^ G oi open subgroups. Inclu- 
sions of closed subgroups _ff ^ G in general do not not induce inclusions C*{H) C*{G). 
For example the inclusion Lp: H = T ^ G = T^,t ^ (^i 1) cannot produce an inclusion 
C*{H) — >• C*{G) because the regular representation of G on L'^{G) represents C*{G) by compact 
operators but the operators coming from G*{H) have infinite-dimensional eigenspaces, hence are 
not compact if they are non-zero. 

Examples 3.6. Presently we know the following sources of host algebras: 

(1) If G is locally compact, we take C — C*{G) with the canonical map rj: G ^ U(Af (C*(G))) 
which is strictly continuous, i.e. continuous with respect to the strict topology on 
U(Af (C*(G))) and defines on G*(G) the structure of a full host algebra for the class 
of continuous representations of G (cf. IDix771 Sect. 13.9]). 

(2) If £ is a host algebra of G and I C £ is a closed ideal, then C/I also is a G*-algebra, 
the quotient map q: C ^ CjX induces a surjective homomorphism q: M{A) M{CII), 
and qo rjc: G — > M{C/X) defines on C/X the structure of a host algebra for G. By 
construction we then have a morphism from the host algebra C (w.r.t. G) to the host 
algebra C/X (w.r.t. G). 

(3) Let be a countably dimensional symplectic space and Heis(y,w) := R x the 
corresponding Heisenberg group with the multiplication 

(i, v){t', v') := {t + t' + ^uj{v, v'), V + v') 

endowed with the direct limit topology turning it into a topological group. We have shown 
in [GrNOQj that there exists a host algebra (£,?]) of Heis(y, w) for which IIeis(V,cj)^ is 
the class of all continuous unitary representations U satisfying U{t,0) = e''l for f e M. If 
dimV < oo, then Heis(y, w) is locally compact, and so the existence of such a host algebra 
already follows from Remark |3 . 71 below, applied to Z := R x {0} and x(t, 0) :~ e**. 

(4) Host algebras obtained from complex semigroups (cf. |NeOO[ Sect. III. 2], |Ne08] . [MNllj V 
We shall discuss this class in more detail in the forthcoming paper ( jGrN12| ). In this case G 
is a Lie group, possibly infinite-dimensional, and we have a complex involutive semigroup 
S on which G acts by unitary multipliers via a map ij: G \J{M{S)) satisfying certain 
additional conditions. The corresponding host algebra is £ = G*{S, (3), the enveloping G*- 
algebra of S corresponding to a locally bounded absolute value P on S which is invariant 
under G. This is closely related to spectral conditions. 

(5) Host algebras for subsets of norm continuous representations in Rep(G, H) can be obtained 
for general topological groups. If (C/, "H) is a norm continuous unitary representation of 
the topological group G and C G*{U{G)) is the G*-subalgebra of BCH) generated by 
U{G), then rj :— U: G ^ U(£) is continuous, so that every continuous representation n of 
C leads to a norm continuous representation it o rj of G. Hence (£, 77) is a host algebra for 
G (see also p^eHOl Prop. IH.2.18]). 

(6) If G is an abelian topological group, there is a different method to obtain hosts algebras 
for its norm continuous representations. Let G := Hom(G,T) be its group of continuous 
characters, and S C G be an equicontinuous subset which is closed in the topology of 
pointwise convergence, i.e., as a subset of the compact group T*^. Then the topology of 
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pointwise convergence turns S into a compact Hausdorff space, so that L, := C(S) is a 
unital C*-algebra. We obtain a continuous honiomorphism 

77:G^U(£), r;(5)(x) := x(ff), 

and it is easy to see that (£, 77) is a host algebra for G. The /^-representations of G are 
precisely those representations given by Borel spectral measures P on the compact space 
E via Ug — J^xig) dP{x)- AH these representations are norm continuous and satisfy 
U = TT o r], where 7r(/) = J^fix)dP{x)- According to |HoMo98| Prop. 7.6], typical 
examples are obtained for locally compact abelian groups G by compact subsets S of the 
dual group G, endowed with the compact open topology. 

Remark 3.7. By combining (1) with (2) in Examples 13.61 note that when G is locally compact, 
all quotients C*{G)/I are also host algebras for G. Such quotients are necessary when we impose 
spectral conditions, and we will develop this subject in the sequel |GrN12j . A particularly 
common occurrence of this are quotients defined by a character % : Z — > T of a closed central 
subgroup Z C G. To define these quotients, let g: G — > G/Z denote the quotient map and 
observe that 

Cc{G; x) ■■= {./ e G,(G) : (V<? e G, z G Z) f{gz) = V(5)} 
is closed under convolution and the involution so that we obtain by completion with respect to 
the norm ||/||i,x := /g/z 1/(3)1 ^^9^) ^ Banach-*-algebra L^(G; x) whose enveloping G*-algebra 
is denoted G*(G;x). The map 

p^: G,(G) ^ G,(G;x), PxiDig) ■= I f{9z)x{z)dz 

J z 

extends to a surjective morphism p^: L}(G) — )• i^(G;x) and hence to a surjective morphism 
p^: C*{G) G*(G;x)- Since G*(G;x) is a quotient G*(G)/ ker(px), it is a host algebra of 
G and the corresponding unitary representations U of G are those for which U{z) = x(^)l for 
z € Z (see [NeOOi Lemma A.VII.4] for details). 

Remark 3.8. Given a continuous unitary representation {U, Ti.) of G, Example [3?6t 5) raises the 
question when Cu ■= C*{U{G)) C BCH) is a host algebra. If G is locally compact and abehan, 
then we now show that Cu ~ C*{U{G)) is a host algebra if and only if U is norm continuous. 

Note first that by Lemma IC.2I in the appendix, U is norm continuous if and only if S :~ 
Spec(?7) C G is compact. If this is the case, then the homomorphism U : G Cjj turns Cu into 
a host algebra of G as in Example I3.6r 5) . 

Conversely, assume that U is not norm continuous, i.e., E is not compact. Considering E as 
a Borel subset of Gd, the compact group of all characters of G (i.e. the character group of the 
discrete group Gd), the spectrum of the representation U of the discrete group Gd is the closure 
Ec of E in Gd- This implies that Cu = G(Ec), so that Ec is the set of characters of Cu- In 
particular, this G*-algebra is not a host algebra for G if E^ ^ E. That this is always the case if 
E is non-compact follows from Glicksberg's Theorem pMl Thm. 1.2]. Thus Cu = C*{U{G)) 
is a host algebra if and only if U is norm continuous. 

The preceding argument also shows that Cu is isomorphic to the group algebra C* (Gd) = 
G{Gd) if and only if E is dense in Gd = IIom(Gc;, T). 

4 Crossed product hosts — uniqueness 

One of the main features of a crossed product x „ G in the usual case is that its representations 
are in natural bijcction with the covariant representations of {A,G,a)- This is the central 
property which we want to generalize. 
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Inspired by Raeburn's approach to crossed products (cf. |Rae88| and Example 14.31 below), 
we now define: 

Definition 4.1. Let G be a topological group, and let (£, r/) be a host algebra for G and 
{A, G, a) be a C*-action. We call a triple (C, ry^, rjc) a crossed product host for (a, C) if 

(CPl) rjj^: M{C) and ijc - ^ ^ M{C) are morphisms of C*-algebras. 

(CP2) rjc is non-degenerate (cf. Definition 12. ip . 

(CPS) The multiplier extension rjc ■ M{C) -> M{C) satisfies in M{C) the relations 
vd'n{9))riA{A)?ic{'n{9)T = VA{ag{A)) for all Ac, A, and g e G. 

(CP4) 77_4(yl)?7£(£) C C and C is generated by this set as a G*-algebra. 
A full crossed product host for (a, C) satisfies in addition: 

(CP5) For every covariant representation (tt, U) of {A, a) on H for which U is an /^-representation 
of G, there exists a unique representation p: C ^ B{'H) with 

p(?7^(A)?7£(i)) = ^(^);7£(L) for AcA.Le C. 

Two crossed product hosts {C^'^\r]'j^ ,rf^), i — 1,2, arc isomorphic if there is an isomorphism 
$ :C(i) ^C(2) such that ($(C(i)), $ o t?^^' , $ o Ty^^^^) ^ ^^(2)^ ^(2)^ ^(2))_ 

Remark 4.2. Suppose that (CPl-5) are satisfied, then 

(a) The action rjc ■— rjc ° V '■ G — > U(Af(C)) is unitary since ?/(G) C U(Af(£)) and 
rjc : M(£) — >■ M{C) is a unital homomorphism. If rj is strictly continuous, it follows from 
Theorem IA.2f iii) that r]c is strictly continuous. 

(b) That C is generated by T]yi{A)ric{C), i.e., the second part of (CP4), is a consequence of 
(CPS) when C is full. In fact, (CP5) implies that the G*-subalgebra Cq generated by r]yi{A)r]c{C) 
has the property that all representations tt: C — > B{'H) are uniquely determined by their restric- 
tions to Co- Since every G*-algebra embeds into some B{H), this means that the inclusion 
Co — > C is an epimorphism, and since epimorphisms of G*-algebras are surjective ( |HoNe95] ) . 
C =Cq follows. 

(c) The representations p in (CPS) are automatically non-degenerate. In fact, if p{C)v — {0}, 
then we also have 'k{A)Uc{C)v — {0}, and since tt is non-degenerate, we obtain Uc{C)v — {0}. 
As Uc is also non-degenerate, we further derive v — 0. Since p is non-degenerate, it extends to 
a representation p: M{C) — > B{T-C) and (CP5) immediately leads to 

p o 77^ = vr and po rjc = Uc- (2) 

(d) If A is unital, then 77^1(1) = 1 because by Proposition I4.6r ii) below, rjA- A M{C) is 
non-degenerate. Thus C <zC. If £ is unital, then ?7£(1) = 1 by (CP2), hence A<zC. Though the 
usual group G*-algebra G*(G) is unital if G is discrete, it is not true that all full host algebras 
of discrete groups are unital (cf. |Ne08[ Example 4.16]). 

(e) Definition 14.11 generalizes crossed products in four directions: 

• The group G need not be locally compact, 

• the action a need not be strongly continuous, 

• the host algebra £, specifying the corresponding class of G-representations does not have 
to coincide with G*(G) when G is locally compact. 
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• for a non-full crossed product host, we restrict to a subtheory of the covariant /^-representations 
(see below). 

For general C* -actions a: G — > Aut(^), a full crossed product host need not exist (even if a 
host algebra £ exists, cf. Example l5.12l) . which is why we also consider non-full crossed product 
hosts. We will analyze conditions for existence and provide more examples below. 

We first verify that Definition 14.11 coincides with the usual crossed product in the case of 
C*-dynamical systems of locally compact groups. 

Example 4.3. Consider the usual case, i.e. we have a strongly continuous homomorphism 
a: G Aut(^) where G is locally compact. Then C — C*{G) is a full host algebra for G 
(Example I3.6f 1)V We claim that the crossed product algebra ^ >^ct G is a full crossed product 
host for (a, C). 

We use Raeburn's characterization f |Rae881 Prop. 3]) of the crossed product of (^, G, a) 
as a G*-algebra C together with a homomorphism rjj^: A ^ M{C) and a strictly continuous 
homomorphism rjc'- G ^ U(M(C)) satisfying: 

(a) r]A{agA) = riG{g)riA{A)-qG{g)* ior g eG, Ae A. 

(b) For every covariant representation (tt, U) of [A^ G, a), there is a non-degenerate representa- 

tion TT X U of C with (tt X U)~o riA = it and (tt x [/)~o rjc ~ U . 

(c) 'qA{A)i-jG{Cc{G)) is dense in C, where rjoif), f G Gc(G), refers to the integrated represen- 

tation r/G- Cc{G) M{C) of the convolution algebra Gc(G) which is defined because ric 
is strictly continuous. 

Given this crossed product C, we verify our conditions (CP1)-(CP5). Observe that the strict 
continuity of j]g- G U(il/(C)) leads by integration to a morphism L^{G) — ^ M{C) of Banach 
*-algebras and therefore extends to a morphism rjc ■ C*{G) M{C) of G*-algebras whose non- 
degeneracy follows immediately from (c) (cf. Theorem I A. 2 [I . and now it is clear that rjo = rjc 
This proves (CP 1)- (CPS). The remaining two conditions (CP4), (CP5) follow from (b) and (c). 
This proves that the crossed product C = AyiaG\s& full crossed product host. 

Conversely, let {C^'qAiVc) be a full crossed product host, where C — C*{G). Then the non- 
degeneracy of rjc implies the strict continuity of the multiplier action rjQ :~ rjc o rj of G on 
C. Hence (CP1)-(CP5) imply that (C,??^) is a crossed product in the sense of Raeburn, hence 
isomorphic to the crossed product G*-algebra A Xa G. 

A property of central importance for a crossed product host, is that it carries the covariant 
£-representations of G: 

Definition 4.4. Given {A,G,a), where the action a: G Aut(^) need not be strongly con- 
tinuous, assume a host algebra (£, rj) for G. Then a covariant representation (tt, U) of {A^ G, a) 
on H is called an C-representation if U is an /^-representation (cf. Definition 13. ip . We write 
Rep£(a, %) for the set of covariant /^-representations of {A^ G, a) on "H. 

Theorem 4.5. Let [C ,riA,r]c) be a crossed product host for [a, C), and recall the homomorphism 
rjG rjc o rj : G ^ U(Af(C)). Then for each Hilbert space % the map 

T]*^: Rep{C,H) Rep{a,n), given by ry* (p) (p o p o 77^) 

is injective, and its range Rep(a,7^)^x consists of C-representations of (A,G,a). If C is full, 
then we also have Rep(a,?^)^j^ = Rep£(a,?^). 
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Proof. Let p G Rep(C,'H). Then p o rjc — po (jjc or]) is a unitary representation of G. 
Since ry^ : ^ — > M{C) is non-degenerate by Proposition 14.61 below, p o rj^ is nondegenerate 
by Theorem IA.2r vii'). Then (CPS) impUes that i]*^{p) ~ {p o VA,?^ ° Vg) G Rep(Q;,'H). Since 
porjG = po {jic o 77), it is also clear that porjc is an /^-representation, hence that Rep(a,'H),;^ C 
Rep£(a,'H). If two representations pi G Rep(C,'H), i — 1,2, produce the same covariant repre- 
sentation (pi o rij[,pi o rjQ^ S Rep^{a,H), by (CP4), they coincide on C, i.e. 77* is injective. In 
the case that C is full, then by (CP5) we obtain that Kep{a,H),j.^ = Kcp^{a,H). □ 

Thus a full crossed product host {C,r]A,ilc) is a host for the covariant /^-representations of a 
in the sense of [GrOSj . and a non-full crossed product host is a host for a subtheory of these. It 
allows one to analyze these representations with the usual C*-algebra tools. Since ryj preserves 
much of the structure of representations (e.g. direct sums, subrepresentations, irreducibility, cf. 
[Gr05[ Cor. 2.2]), the existence of a full crossed product host means that the theory of covariant 
£-representations of a is isomorphic to the representation theory of a C*-algebra. In general 
one does not expect this to hold (see Example l5.12p . and so one is also interested in subtheories 
of the covariant /^-representations for which a non-full crossed product host exists. 

Further useful properties of crossed product hosts are: 

Proposition 4.6. If {C,rjj\^,'qc) is a crossed product host for {a,C), then 
(i) span(77^(yl)?7£(£)) is dense in C and 
ill) rj^: A ^ M{C) is also non-degenerate. 

(iii) // Gd denotes the group G endowed with the discrete topology, then there exists a homo- 
morphism 7]d : ^ Xq — >• M(C) given by r]d{A6g) = r]_A{A)riG{g) for A G A, g £ G , where 
Sg e fi{G) is the characteristic function of {g} . Moreover rid{A Xq Gd) is strictly dense 
in M{C). 

Proof, (i) As {C,r]) is a host algebra for G, the subgroup r]{G) spans a strictly dense subspace 
of M{C) fProposition l3.2f ii)). Since rjc is strictly continuous, we have for A £ A and i e £ in 
M{C): 

Vc{L)va{A) € ?ic{svMv{GmA{A) C lr]A{A)7,c{M{C))l 
using (CPS) for the last inclusion, where |-] denotes closed span. This implies that 

^c{L)r,A{A)r]c{C) C lr,A{A)r]dC)l 

From the non-degeneracy of rjc, using Theorem IA.2f iv) and rjc{L)rjA.{A) e C, it now follows 
that 

r,c{L)r,A{A) e T]c{L)riA{A)r,c{C) C lriA{A)Tic{C)l 
We conclude that the closed subalgebra generated by riA{-A.)ric{C) is ^-invariant and that 

r]A{A)r]c{C)TiA{A)ridC) C r,A{A)lTiA{A)ric{C)l C lr]A{A)r]c{C)l 

i.e., that span {r]A{A)'qc{C-)) is dense in C. 

(ii) is an immediate consequence of (i) and A = A ■ A. 

(iii) That rjd defines a homomorphism, is due to the fact that Ay^a Gd is generated by 
the products A5g subject to the covariance condition. Since C* [riA{A)rjQ{Gy) separates all the 
representations of C by the host property of C, it follows that C* (77^(^^)77^(6')) is strictly dense 
in M{C) by |Wo95[ Prop. 2.2]. □ 
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Remark 4.7. An important consequence of the density of iiA{-A)ric{C) in C is that ah states 
if G ©(C) are determined by their values on the products riji{A)ric{L), A G yl, L G £, resp., by 
the continuous bihnear map 

^■.AxC^C, ^{A,L):^ip{rj_AiA)rjc{L)). 

The following theorem generalizes Raeburn's characterization of unital crossed products. 

Theorem 4.8. (Uniqueness Theorem) Let (£, 77) be a host algebra for the topological group 
G, and (y^, G, a) be a C* -action. Let {C ,rij[,rjc) and (C'jTy^,?]^) be crossed product hosts for 
{a,C), such that Rep(a,'H)n — Rep(a,'H) j for any Hilbert space %. Then there exists a 
unique isomorphism Lp:C^& with ^ o rij( — rf^ and ip o r/c ~ rj^^. In particular, full crossed 
product hosts for (a, C) are isomorphic. 

Proof. Note first that an isomorphism (p: C — > C'* which satisfies ° t^a ~ "H^ ^'^d o r/c ~ Vc 
is uniquely determined by (CP4), so we only need to show existence. 

Let p^:C^^ B{n) be a faithful non-degenerate representation of C". Then by the hypothesis 
Rep(a,'H),,^ — Rep{a,V.)^t we conclude that {rj'^)*x{p) — (vr^, C/) G Rep(Q:, H)^,, , where 
U := o rj^^ o rj : G— > U(H) and tt^ :— o rjj^. By Theorem 14. 5 1 the map 77* is injective, hence 
there is a unique representation tt : C — )• B{'H) with 

AriA{A)jidL)) = T:\{A)Uc{L) for AeALeC, (3) 

and it satisfies (using (CP4)): 

° VA — ° Vc = Uc ■ (4) 

On the other hand, the relation U = ffi oTf^o rj yields Uc — p^ o Vc- Thus (jS]) becomes 

n{7jA{A)vc{L))^P{7j\{A)r^[{L)) for AeA,LeC, 

and so by (CP4) and ([3]), we have 7r(C) = p"(C»). Then (p := (p')"^ o vr: C ^ is a morphism 
of G*-algebras whose multiplier extension ip = {p^)~^ ° tt satisfies 

^oriA^ v\ and ^ o r/c = 

Changing the roles of C and C", we also find a morphism -0: C'* — >■ C with 

i'ori\ = iqA and o if^ = -qc.- 

Then (ipoipyhrjA = rjA and {ipoipYorjc = rjc lead to "tjjoip = idc- We likewise obtain ipo^ = id^j. 
This completes the proof. □ 

5 Crossed product hosts — existence 

In this section we consider existence conditions and concrete constructions of crossed product 
hosts. These are based on the concept of a cross representation for the pair (a, C) defined below. 

Theorem 5.1. Let (£,?/) be a host algebra for the topological group G and (yl, G,Q!) be a G* - 
action. 

(a) Let {C,r]A,r]c) be a crossed product host for («,£). Then for the (faithful) universal repre- 
sentation {pm'Hu) of C , the corresponding covariant C-representation (tt, f/) of {A,G,q) 
satisfies 

PuiVAiA)vciL)) = 7r{A)Uc{L) for AeA,LeC, 
V*xiPu) = {pu°riA,Pu°riG) = (7r,C/) and pu{C) = G* {Tr{A)UciC)) . 
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(b) Conversely, let {tt,U) £ Repc{(x,n) and put C := C* {tt{A)Uc{C)) ■ ThemT{A) D UciC) C 

AI{C) C B{'H), and we obtain morphisms rjj^: M{C) and rjc' C ^ M{C) determined 

by r]A{A)C 7r(A)C and r]ciL)C := Uc{L)C for A e A, L e C and C e C . Then the 
following are equivalent: 

(i) {C,ri_^,ri£) is a crossed product host. 

(ii) 7r{A)UciC) C Uc{C)B{n). 

(iii) For every approximate identity {Ej)j^j of C we have 

\\Uc{E,)7:{A)Uc{L)-^{A)Uc{L)\\^Q for AeA,LeC. 

(iv) There exists an approximate identity {Ej)j^j of C such that 

\\UciEj)n{A)UciL)-TTiA)UciL)\\^0 for A e A, L £ C. 

(c) Let (C,r]j[,r]c) be a crossed product host. Then any factor algebra of C is also a crossed 

product host. In particular, if ^ : C ^ Cj J is a factor map where J is a closed two-sided 
ideal, then {Cj J , o 77^, $ o 77£) is a crossed product host. 

Proof, (a) This is a direct consequence of Theorem 14.51 if we start with the universal representa- 
tion p,i of C, which then produces the covariant pair rj^ipu) '■— {Pu°VA,PuOi1g) G Rep£(a,7^ii). 
Take (tt, U) to be this pair, then this has the properties claimed. 

(b) We first show that n{A) U UciC) C M{C) C S('H). Observe that the defining representa- 
tion p of C on "H is non-degenerate. In fact, since the ^-representation tt is non-degenerate, the 
relation n{A)Uc{^)v — {0} implies Uc{C)v — {0}, and since Uc is also non-degenerate, w = 
follows. Thus, since C is faithfully and nondegenerately represented on H, the idealizer of C in 
B{n) is isomorphic to its multiplier algebra (cf. |FD88[ Prop. VIII.1.20], or jBla06[ II.7.3.5]). In 
other words, the map 

: {M e B{H) I MC U CM C C} ^ M{C), Lp{M)C = MC for C e C, 

is an isomorphism of C*-algebras. Thus a ^-invariant subset Al C B{T-L) is contained in M{C) 
if and only if M.C C C = C*{'!i{A)Uc{C)). In fact it suffices to check this for the generating 
elements, i.e. that M ■ tt{A)Uc{C) U M ■ Uc{C)tt[A) C C. 
We first show that ^{A) C M (C). Since AA = A, we have 

7r(^) • {^{A)Uc{C)) = tt{A)Uc{C) C C, 

and LL — L implies that 

^{A) ■ {Uc{C)ti{A)) c 'k{A)Uc{C)Uc{C)ti{A) c C. 

Thus 'k{A) ■ C C C, hence tt defines a homomorphism rjy^: A —?' M{C) of C*-algebras with 
r]ji(A)L = 7r(A)L for A e ^ and L G C. 
Next we show that UciC) C M(C): 

Uc{C) ■ {Uc{C)7r{A)) C Uc{C)n{A), 

and A = AA leads to 

Uc{C) ■ {7r{A)Uc{C)) C Uc{C)7r{A)7r{A)Uc{C) C C. 

Thus Uc{C)C C C, and we obtain a homomorphism rjc: C ^ M{C) of C*-algebras with 
r]c{L)C = Uc{L)C for L E C and C E C. Next, we verify equivalence of the conditions (i) 
to (iv). 
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(i) (ii): Suppose that {C ,rjj\^,rjc) is a crossed product host of [A^ G, a) and (£, 77). In view 
of Proposition 14.61 the subset r]c{C)rij[(A) spans a dense subspace of C, which imphes that 

7TiA)UciC) = piruiA)vciC)) C piO C lpirjciC)vA{Am - pdWA)} C Uc{C)B{n). 

Notice that this deduction works for any covariant pair (tt, U) obtained from a representation p 
of C. We will need this observation in (c). Notice that we have in fact shown that (i) implies 

n{A)UciC) C lpirjciC)rjA{Am = lpirjciC)vc{C)VA{A))i = lUc{C)p{C)j = UciC)piC) (5) 

which implies (ii), hence it is also an equivalent condition. 

(h) (in): Since \\Ej\\ < 1, the set of all operators B e B(n) with \\UciEj)B - B|| is 
a closed subspace which obviously contains Uc{C)B{H). Now (ii) implies that it also contains 
7riA)Uc{C). 

(iii) (iv) is trivial because every C*-algebra possesses an approximate identity ( |Mu90[ 
Thm. 3.1.1]). 

(iv) (i): Next, we want to verify conditions (CPl) to (CP4) for {C,t]a,Vc)- By definition 
(CPl) and (CP4) hold. To verify (CP2), i.e. that -qc is non-degenerate, note that by condition 
(iv) and the trivially true 

\\Uc{Ej)Uc{L)'K{A)-Uc{L)T:{A)\\~>{) for Ac,A,L(^C, 

we obtain \\Uc{Ej)C — C|| — > for all C g C, from which it is obvious that i]c{C)C is dense in 
C. Condition (CPS) is an immediate consequence of the definitions and the non-degeneracy of 
Uc- This proves (i). 

(c) It is clear that (C/J^, $ o 77^, $ o 77^) satisfies (CPl), (CPS) and (CP4). Let 
p : C/J ^ B{H) be a faithful representation. Then p o $ : C ^ S('H) is a nondegenerate 
representation, hence ((po $) o rj^, (po $) o -qa) G Rep£(a,'H). As C is a crossed product host, 
we conclude from (CP2) (see also (i) (ii) above) that 

{(i^) o i^j^){A) ■ {(f^) o i^c){C) c {(f^) o iqc){C) ■ B{H), 

hence 

(po$0 7y^)(^) . {po^oTjc)iC) C {po^oT^c)(.C)-B{n). 
This implies via (b) that 

piC/J) = C*{ipo $ o r^_^){A) • (p o $ o rjc)iC)) 

is a crossed product host, and as p is faithful, a property which is inherited by its extension p 
to M{C/J), it follows that {C/J, $ o r^j^, $ o ry£) is a crossed product host. □ 

The preceding theorem shows how crossed product hosts can be constructed. It also isolates 
a distinguished class of representations: 

Definition 5.2. Let a: G ^ Aut(yl) be a C*-action and (£, 77) be a host algebra for G. Then a 
covariant £-representation (vr, U) G Rep£(Q!,'H) is called a cross representation for [a, C) if any 
of the equivalent conditions (b)(i)-(iv) of Theorem 15 . 1 1 hold . We write Rep£(a,?^) for the set of 
cross representations for {a, C) on 

These conditions are easily verified for covariant representations in the usual case where G 
is locally compact, C = C*{G) and a is strongly continuous (cf. Lemma rA.ir iDfb)). 

Proposition 5.3. (Permanence properties of cross representations) For cross representations 
for {C,a) of {A,G,a), the following assertions hold: 
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(i) Finite direct sums of cross representations are cross representations. 

(ii) Subrepresentations of cross representations are cross representations. 

(iii) Arbitrary multiples of cross representations are cross representations. 

(iv) If B d A is an a-invariant C* -subalgehra, then a cross representation (tt, [/) of {C,a) 

restricts on B to a cross representation for {C,a \B). 

(v) Let {ip, ijj) : {Ch , ij^) {^g, V^) be a morphism of host algebras (cf. Def. \3.4^ and define the 

C* -action P :— ao ip : H ^ A\ii{A). Let (vr, U) be a covariant representation of {A, G, a). 
If{TT,Uoip) is a cross representation for {Ch,I3), then (tt, J7) is a cross representation for 

(vi) // A is nonunital, let Ai = .4 C be the algebra A with the identity adjoined. Extend 

ac to Ai by setting = 1 for all g ^ G and extend covariant C-representations 

(tt, U) e Rep£(a,'H) to Ai by setting n(l) = 1. Then (tt, U) is a cross representation for 
{a,C) if and only if its extension to (Ai,G,a) is a cross representation. 

Proof, (i)-(iv) are immediate consequences of Theorem I5.1f b)fiii). 

(v) Denote U o cp —: . Since (tt, V^) is a cross representation, we have 

t:{A)U''^^{Ch) QUl^{CH)B{n). 

The non-degeneracy of the morphism : Ch — > Cq of C*-algebras further imphes that Cq = 
iP{Ch)Cg- Now 

using rjG o Lp ~ il) o rjH- An apphcation of (?7|/)~^ produces the relation Ucq ° "ip — ^Ch' Using 
these facts, we obtain: 

7t{A)Ucg(Cg) - 7r{A)U^JCH)Uca{CG) C U^J£H)B{n) C Uca{CG)B{n). 

Hence (tt, U) is a cross representation of {CG^ ct)- 

(vi) It follows directly from (iv) that (tt, U) is a cross representation of (£, a) if its extension 
to {Ai,G,a) is a cross representation. Conversely, assume that (tt, ?7) is a cross representation 
of (£,a) on n, hence t:{A)Uc{C) C Uc{C)B{n) by Theorem [5lli;b)(ii). Then 

7r{Ai)Uc{C) - {n{A) + Cl)Uc{C)^7T{A)Uc{C) + Uc{C) C UciC)B{H) + Uc{C) = Uc{C)B{H) 

from which it follows that the extension of (tt, U) to [Ai, G, a) is a cross representation. □ 

Remark 5.4. In Example 15.121 below, we will see that Rep£ (a, H) is in general a proper subset 
of Rep£(a,'H). In particular. Example 16.91 shows that infinite sums of cross representations 
need not be cross representations. Unfortunately cross representations are not well behaved 
w.r.t. restriction to subgroups. First, if iJ C G is a closed subgroup, it is usually not clear what 
the host algebra should be for H. Even in the case of locally compact groups, if we take the 
natural host algebras C*(G) and C*{H), then the restriction (tt, U \ H) of a cross representation 
(tt, U) S Repp.^g,^(a,H) does not in general produce a cross representation of for (a \H, C*{H)) 
(see Example I6.10p . 

To construct a full crossed product host, according to Theorem 15.11 we must first obtain the 
appropriate covariant representation to construct it in. Let Gd denote the group G, endowed with 
the discrete topology, which is locally compact, so that we have a crossed product algebra .4x1 o-Gd 
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(cf. Example I4.3p . Then Rep(a,'H) is in bijcction with a subset of the set of representations of 
the crossed product A yia Gd on %. The latter bijection preserves cyclicity and direct sums. 
Any representation of Xq Gd on H. can be decomposed into cyclic components. Thus each 
(tt, U) e Rep£(a,'H) can be decomposed into cyclic representations of A Xq Gd- It is clear that 
these components are again continuous on G and are £-representations of {A, G, a) since we see 
from Uc{G)" ~ 7r(£)" (cf. Proposition I3.2f ii)) that subrepresentations of /^-representations of 
G are again /^-representations. 

Definition 5.5. Cyclic representations of .4 Xa Gd are obtained from states through the GNS- 
construction. Let ©£ denote the set of those states lo on Ay^aGd which thus produce a covariant 
/^-representation {t^ujiUu:) € Rep£(a, "H;^). This allows us to define the universal covariant C- 
representation (7r„,[/„) G Rep£(a,'Hu) by 

7r„ := ^ TTu:, Uu ■■= ^ Uu: On 'Hu= ^ Uu,- 

Clearly "Ht, = {0} if &c = 0- We will use (7r„, Uu) below to prove the existence of crossed product 
hosts. We use notation Uu,c ■= (??*)~^(t^ti) S Rep(£, Uu) for the associated representation of C. 

Note that the following theorem trivially holds if &c = because in this case C — {0} and 
the set of covariant /^-representations of {A, a) is empty. 

Theorem 5.6. (Existence Theorem) 

Let {C,r]) be a host algebra for the topological group G and a: G Aut(,4) be a C* -action. 
Then the following are equivalent: 

(i) There exists a full crossed product host (C, rjj^, rjc) for {a, C). 

(ii) The universal covariant C-representation (7r„, Uu) of (A, G, a) on Hu is a cross representa- 

tion. 

(iii) Rep£(a, = Rep£ (q, for all Hilbert spaces % . 

Proof, (i) (ii): Let {C,riy[,ric) be a full crossed product host of (a,£). Then (CPS) implies 
the existence of a unique representation p: C — s- B{'Hu) with p o rjj^ — tTu and po rjc — Uu.c- In 
view of Proposition 14.61 the subset rjc{C)rij^{A) spans a dense subspace of C, which implies that 

vr„(^) [/„.£(/:) = p{TiA{A)r,c{C)) C p{C) C lp{r,c{C)r^j,{A))l 

= iUuA^)^u{A)i c Uu,c{ni3{nu). 

(ii) (iii): Since every covariant £- representation (tt, U) is a direct sum of cyclic ones, it is 
contained in some multiple of the universal covariant /^-representation (7r„,[/„), hence a cross 
representation by Lemma 15.31 

(iii) =^ (i): If the universal covariant £-representation (7r„,/7„) of {A,G,a) is a cross repre- 
sentation, then C := G*(7r„(^)[/„,£(/^)) is a crossed product host by Theorem 15.11 We only 
need to verify that it is full, i.e. that Rep(a,'H),,^ = Rep^{a,T-L) for each Hilbert space 
T-L. Since any covariant £- representation (tt, t/) of {A,G,a) can be embedded into a mul- 
tiple {t^ujUu) of the universal representation on "H^ := ^^('«) ^ Hu, there is a projection 
P-H G Pu{Cy projecting onto the subspace V. C Hu- Then P-u ■ Pu G Rep(C,'H) will produce 
(Ph ■ Pu)°VA^ Pn-Pu°VA = Ph-K^t^ and (P-h ■ p^) or^c = Pn ■ Pu°Vc ^ Ph- = ^c, 
i.e. r]*^{P-H ■ Pu) — i'^^U). This proves that 77* is surjective, i.e. that (i) holds. □ 
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Remark 5.7. (1) Below in Corollary 17.101 we will obtain additional equivalent conditions for 
the existence of a full crossed product host. 

(2) In the usual case, ^ Xq G is a a full crossed product host for {a, C*{G)). 

(3) From condition (iii) in the preceding theorem, we see that to prove nonexistence of a full 
crossed product host, it suffices to display one covariant £- representation which is not a cross 
representation (cf. Example I5.12p . Unlike the usual case, in general crossed product hosts need 
not exist, and Theorem 1 5 . 61 characterizes when they do. We will present examples below beyond 
the usual case, where we do have existence. 

Theorem 5.8. (Relation between crossed product hosts) 

Let {C,r]) be a host algebra for the topological group G, and [A,G,a) be a C* -action. Let 
(CtIIAtVc) '^i^d, {C,rf^,r]c) be crossed product hosts for {a,C), such that 

for any Hilbert space % (cf. Theorem Then there is a unique homomorphism $ : C — > C 

such that {C,rjj(,rjc) = {<^{C),^ o rjj^,<^ o rjc) , i-c. C is a factor algebra ofC. In particular, if C 
is a full crossed product host, then all crossed product hosts are factor algebras of C. 

Proof. For the (faithful) universal representation {pm'Hu) of C, the corresponding covariant 
/^-representation (tt, J7) e Y{.ep{a,'Hu)rj^ of {A,G,a) is by hypothesis in Rep(Q!, 'Hm),,^ . Thus 
there is a representation {p^T-Lu) of C such that rj*^{p) — {p ° VA:P° Vg) = (t^tU). Then by 
Theorem 15. If a) we have 

p(C) = C* {niA)UciC)) = MC) = C. 
Thus $ (pu)^^ o p is the required homomorphism. □ 

Thus the crossed product hosts for (a, C) can be partially ordered by the containments 
Rep(a,'H)f/x ^ Rep(a,'H),,^ for any Hilbert space H. 

Example 5.9. (A full crossed product host for a discontinuous action) Let H — ^■^(Z) with the 
orthonormal basis (e„)„gz- Define a unitary representation J7 : M — U(7^) by C/te„ = e*"*e„ for 
t £ R. Then at{A) := UtAU^ defines an action of M on B{H). Consider the unitary involution 
J € B{H), defined by Je„ :— e_„. Then at(J)e„ = e~^*"*e_„ implies that J does not have a 
continuous orbit map, in particular, the action a of K. on B{'H) is not strongly continuous. 
Define A :— C*{at{J) \ t G R}, then by construction, a : R — >■ Aut(^) is not strongly continuous. 
We will show that it has a full crossed product host, where C := C*(K), even though the usual 
crossed product is undefined. 

Let (7r„,[/„) denote the universal covariant representation of (yl, R, a). From the relation 
UfJ — JU^t for t e R, we derive that at{J) — JU^2t — U2tJ in any covariant representation. 
For / e Cc(R) we thus obtain 

^u{J)Uu{f) - UuifWiJ) for f{t) := f{-t) 

and hence that ttu{J)Uu,c{^) ^ Uu,c{C-)B{Hu)- By applying Ad([/s) to both sides, we also get 
that ■Ku{as{J))Uu,c{C-) C Uu,c{C-)B{Hu) for all s, hence condition (ii) in Theorem l5.6l is satisfied 
and so we have a full crossed product host where G does not act continuously on A . 

The set Uu{C)B{T-Lu) coincides with the set B{'Hu)c of all those operators Q G B{'Hu) for 
which the map 

R BiUu), t ^ Uu{t)Q 
is continuous (cf. Lemma [A. iT ii) (b) below). 
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The structure of A is quite simple. From JUtJ — U^t it follows that at{J) = UtJU-t = U2tJ- 
As J is contained in A, it follows that A is the C* -algebra generated by the unitary one-parameter 
group {Ut)teM. and J. Hence ^ is a homomorphic image of the crossed product C*(Mrf) x (Z/2Z), 
where the 2-element group acts on the discrete group by inversion. 

Our next example, is the important case of M-actions on B{'H) produced by selfadjoint 
operators A onT-L via t ^ Ad(exp(ityl)). To characterize continuity of these actions, we need: 

Proposition 5.10. Let (17,1-1) be a unitary representation of the metrizable locally compact 
abelian group G. Then the following are equivalent: 

(i) The conjugation action ag{A) :— UgAU* of G on B{'H) is strongly continuous. 

(ii) U is norm continuous. 

Proof. Clearly, the norm continuity of U implies the strong continuity of the conjugation ac- 
tion a. 

To see the converse, let S :— Spec(?7) C G and assume that U is not norm continuous, i.e., 
that the closed subset E of C? is not compact (Lemma lC.2|) . That G is metrizable is equivalent to 
G being countable at infinity, i.e., G = UneN ^'^ ^ union of an increasing sequence of compact 
subsets Kn satisfying Kn C K'^j^^ for n e N (cf. |Mor081 Thm 29, p.95]). Note that this implies 
that any compact subset of G is contained in some Kn. Here we may w.l.o.g. assume that each 
Kn is an identity neighborhood. 

We now claim the existence of a sequence (xn)nen in S and a compact identity neighborhood 
C C G such that 

(a) The sequence {XnXn+i)n&i is not equicontinuous. 

(b) The compact subsets XnC , n g N, are pairwise disjoint. 

First we choose C such that C~^C C Ki. Then we choose the Xn inductively by starting 
with some xi g E and picking an element 

Xn+l e E \ ixiKl U • • • U XnKn) 

which is possible because E is not compact. Then Xn+iXn^ ^ Kn implies that the set 
{Xn+iXn^ '■ »T- £ N} is not relatively compact, hence not equicontinuous ( |HoMo98| Prop. 7.6]). 
Moreover, our construction implies that, for m < n, we have XnG XmC = 0, because 

Xn ^ X.nCC-^ C 

Xm Ki C XniKn-l- 

Let P denote the spectral measure of U. Then we obtain mutually orthogonal [/-invariant 
subspaces Hn ■= PixnC)^ and consider the closed invariant subspace JC :— ®n£wHn of TL. The 
restriction of Ug to this subspace can be written as Ug\!c — UgUg, where UgV — Xn{g)v for 
V G Hn and is a continuous unitary representation whose spectral measure is supported by 
the equicontinuous subset C C G. Therefore is norm continuous. 

Assume that a is strongly continuous. Since each ag is an isometry of B{IC), this implies 
that a defines a continuous action oi G on B{JC). Then ctl{A) := Ug^iag{A)Ug is also strongly 
continuous. From G E it follows that Tin {0}, so that there exists a sequence of unit 
vectors w„ S Hn. We now consider the contraction A S B{IC), defined by Av :— X]n(^' ''^n)vn+i. 
From 

"s(^) ^^Xn+l{g)Xn{9y^{-,Vn)Vn+l 
n 

it now follows that 

IWliA) - A\\ = sup |Xn+l(5)Xn(.9)"^ - 1| = sup IXn+lCg) " Xn(.9)|- 



18 



Since the sequence {xn+iXn^)neN is not equicontinuous, this leads to the contradiction that 
hmsupg^i ||ag(yl) — A\\ > 0. Therefore (i) imphes (ii). □ 

Example 5.11. Let H be an infinite-dimensional separable Hilbert space, A := B{H), G :~ R, 
£ = C*(R), H be an unbounded selfadjoint operator, Ut := e**-^ and at{A) := UtAU^. From 
Proposition [nun] (see |BR021 Exs. 3.2.36] for G = R) we know that a is not strongly continuous. 
Note that, as U is strong operator continuous, (vr, t/) € Rep£(a,H) where tt is the identical 
representation 'k{A) = yl of .4. We claim that (tt, U) £ Rep^{a,'H) if and only if {il — H)^^ G 
JCCH). By Lemma [C?3l we have {il — H)^^ ^ /C(H) if one point in the spectrum of H is in its 
essential spectrum. 

Assume first that {il - H)'^ ^ JC{n). Then 

Uc{C) - Uc{C*{R)) = {f{H) I / e Co(R)} = C*{{il - H)-^) ^ K.{H). 

If (tt, U) e Rep^(a,-H), then for its crossed product host C := C* {'k{A)Uc{C)) , Theorem EHb) 
implies that S('H) C M(C), so that C is a closed two-sided ideal of B{H). As 1 e B{H), we 
get that Uc{C) C C, hence C is not contained in /C(H). As S('H) has no proper ideal greater 
than JC{H) {H is separable), it follows that C = B{H). From C = Uc{C)C we now obtain 
Vmvt^QUtC — C for every C G C (Lemma lA.ir iiKb)). For C — 1, this shows that the one- 
parameter group {Ut) is norm continuous, contradicting the unboundedness of H. This shows 
that (tt, [/) ^ Rep^{a,H). 

Conversely, if {il - H)-^ e /C(H) and hence Uc{C*{R)) C K.{H), then C = 1C{H), and the 
left and right ideals generated in C by Uc{C*{Wj) is C, hence (tt, [/) e Rep^(Q:,'H). This is 
another example where a crossed product host exists for a discontinuous action. 

Example 5.12. We construct an example where non-trivial cross representations exist, but 
there is no full crossed product host. Let {Aj,G, a^^^), j ~ 1, 2, be automorphic C*-actions and 
£ = C*(R). Assume that we have nontrivial 

(7ri,C/i) e Rep^(a(i\Hi) and {tt2,U2) € Rep^{a^^\n2)\Repcia'^^\'^i2) 

(cf. Example 15. Let A :— Ai ® A2, and the homomorphism a: M Aut(^) be given by 

at{Ai (B A2) -.^ a[^\Ai) (B a[^\A2) for A, e At. 

Define : A B{Hj) by Wj{Ai ® A2) = TTj{Aj), j = 1,2. Then {ni,Ui) € Rep^(a,'Hi) is 
a non-trivial cross representation. On the other hand, {tt2,U2) G Rep£(Q!, 'H2)\ Rep£ («, "^2), 
hence by Theorem 15. 6[ there is no full crossed product host. 

6 Cross representations — special cases. 

The existence conditions for full crossed product hosts in Theorem 15.61 need to be checked on a 
case-by-case basis. However, in a few special situations, other than the usual case, it is possible 
to verify these conditions more generally. 

6.1 Cross representations via compact operators 

Theorem 6.1. Let {A,G,a) be a G* -action and {C,ri) be a host algebra for G. If (tt, t/) G 
Rep£(a,'H) satisfies Tr{A)Uc{^) C JC{'H), then (tt, f/) is a cross representation for {a,C). This 
holds in particular if Uc{C) C K.{'H). 
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Proof. By Theorem lS . If b) (ii) . (tt, U) G Rep£(Q!, H) is a cross representation for {a, C) if and only 
if ■k{A)Uc{C) C UciC)B{H). By hypothesis we have Tr{A)UciC) C IC{H). As the representation 
C/c of C is nondegenerate, Lemma [A. If ii) (a) shows that JC(7i) C Uc{C)B{'H). Hence (tt, U) is a 
cross representation for {a^C). □ 

It is easy to obtain examples where Uc{C) C KiU), e.g. if G = R, = C = C*(R), 

at := Ad(e**^) for an unbounded operator H with compact resolvent, then in the defining 
representation Uc{C) = C*((a - H)-'^) C K-iU) (cf. Lemma [C3] and Example EH]) . Here is 
an example of the more general condition 7r(^)[/£(£) C K.{'H) for a discontinuous action: 

Example 6.2. Consider the Schrodinger representation on i^(R) = That is, let the opera- 
tors Q, P act on the common invariant core consisting of the space of Schwartz functions where Q 
is multiplication by the coordinate function x, and P = i-^. Let B :— (il — Q)^^ B{'H){il + Q)~^ 
and let a: R -> Aut{B{L'^{R))) be at := Ad(e"^'). We now define 

A C*{au{B)) = C* ( |J (a - Q + 2tP)-^B(n) (il + Q - 2tP)-^^ 

teM. 

which is clearly a-invariant and let (tt, U) be the defining representation, so if £ = C*(R) then 
UciC) = C*((il - 2 1C{H) (cf. Lemma[C3]). However C /C(-H) hence (tt, 17) is 

a cross representation for {a\A,C) by Theorem 16.11 To see this, recall that f{Q)h{P) e JC{H) 
if /, /i e Co(R), hence {il ~ QY^{i\ - P^)-^ G IC{n) and so 

{il - p2)-i(a _ Q + 2tP)-i = e**^'(il - p2)-i(,i _ Q)-ie-"^' e /C(H). 

However, the action a: R — ^ Aut(^) is not strongly continuous. In fact, as A contains 

C*{{il - Q)-'Co{Q){il + Q)-') - C*{{Q' + l)-'Co{Q)) = Co(0), 

we have {il — Q)^^ G A, and this element satisfies 

\\at{{il - Q)-^) - {il - Q)-^\\ =||(^l-g + 2^F)-l-(^l~Q)-l|l > 1 

for aU i 7^ by |BG08[ Thm. 5.3(ii)]. 

Remark 6.3. (1) Theorem 16. II and Example 16.21 suggest that for a given algebra A/" C B{H) we 
should study its compactifier, i.e. the C*-algebra 

Mk:{JV) := {A e B{n) \ AAf C IC{n) and A*N C IC{n)} 

which clearly contains the compacts, but it may contain more if M is nonunital. So in the 
situation under discussion above, the invariant hereditary subalgebras of B{'H) determined by 
elements of the compactifier of Uc{C) are algebras for which this is a cross representation. 

(2) A particularly useful observation is the following. Let G be a locally compact group with 
a closed subgroup then the canonical homomorphism C*{H) M{C*{G)) is nondegen- 
erate, so that G*(G) = Q{C*{H))C*{G). Hence, if for (tt, C/) e Rep£(a,?^) with C = C*{G), 
Uc{C*{H)) is contained in the compactifier of tt{A), then {tt,U) is a cross representation for 
{a, A) because 

7r{A}Uc{C) = ii{A)Uc^^H){C*{H))Uc{C) C IC{H)Uc{£) C IC{H). 

An easy but interesting example where this is put to good use, is given below in Example 16.121 

Proposition 6.4. If G is a connected reductive Lie group with compact center and {11,1-1) an 
irreducible unitary representation, then t^c*(G) (C** (G)) C JC{'H). 
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Proof. See jWa92[ Thm. 14.6.10] for a reference. This result can be obtained from Remark [6.3r 2) 
because for any compact subgroup K C_ G the restriction U\k is of finite multiplicity, so that 
Proposition [C3] shows that Uc-(k){C* (K)) C /CCH). □ 

Proposition 6.5. ( [NeOOi Thm. X.4.10]) If G is a finite- dimensional Lie group and {U,H) a 
unitary highest weight representation, then Uc»(g){C* {G)) C IC{'H). 

6.2 Cross representations for compact groups 

The case where G is a compact group is of particular importance. For this, the following 
proposition helps to identify cross representations. For the following proposition we recall from 
Definition IC.ll the concept of spectrum and finite multiplicity of a representation of a compact 
group. 

Proposition 6.6. Let (?7, "H) be a continuous unitary representation of the compact group G. 
Then the following are equivalent: 

(i) Spec(?7) is finite or U is of finite multiplicity. 

(ii) For the identical representation tt of A = B{'H) on %, oig{A) — UgAU* and C = C*{G), the 

pair (tt, J7) is a cross representation of {a,C). 

Proof. Let P^, x ^ G, denote the projections onto the isotypic subspaces of H and note that 
each Px'H = T^x ® -^x w.r.t. which Ug \ -P^^ — xig) (8) 1 is a tensor product. Here is the 
multiplicity space. 

For C = C*{G), the subspace 

span{Uc{C)Px \ x e G} = span { 1) I xeSpec(C/)} 

is dense in Uc{C). We conclude that every A e B{H)Uc{C) is also contained in Uc{C)B((H.) if 
and only if, B{Hx,H) = B{H) {B{Hx) 1) ^ Uc{C)B{H) for aU x e Spec(C/). For a finite 
subset F C G we write Pp X^x'g-F ^x' ■ Considering the finite subsets of G as a directed set 
with respect to inclusion, we obtain 

lim PpB = B for every B € B{Hx, U). (6) 

F<ZG 

If, conversely, this condition is satisfied for every B e B{Hx,'H), then the closedness of Uc{C)B{T-C) 
implies that B £ Uc{C)B{n). 

(i) (ii): Condition ^ is trivially satisfied if Spec(C/) is finite, which is equivalent to 
the norm continuity of U (Proposition IC.5I) . It is also satisfied if U is of finite multiplicity 
because this implies that all isotypical subspaces "H^ are finite-dimensional. In this case every 
B G BiUx^U) is of finite rank, hence Hilbert-Schmidt, i.e., = Y.^' Il^x'^lli < oo, which 
implies in particular that 

\\B - PpBf <\\B- PpBWl - II Px'BWl - \\Px'B\\l ^ 0. 

(ii) (i); If, conversely, Spec(C/) is infinite and some PxT~L is infinite-dimensional, then we 
pick an orthonormal sequence (u„)„gN in PxT~L ^nd an injective map 77: N — )■ Spec(f7). For unit 
vectors Wn G 'H,^^ we then obtain a bounded operator B e B{'Hx,'H) C B{'H) by 

Bv := Y{v,Vn)wn. 

n 

Since ||P,,,^i?|| = 1 implies lim^/^00 Px'^ 7^ we see that (ii) implies (i). □ 
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Remark 6.7. If {A, G, a) is a C*-action where G is compact with host chosen as £ = C*(G), 
and if for a covariant representation {tt,U) G Repjr{a,7i), U satisfies Proposition I6.6f i). then 
(tt, U) is a cross representation. The converse is not true, i.e. a cross representation (tt, U) 
need not satisfy Proposition I6.6f i). as can be seen by taking an infinite muhiple of a cross 
representation for which Spec([/) is infinite. 

Proposition 16.61 ahows us to construct a number of interesting examples. 

Example 6.8. (Another example of a covariant non-cross representations) 

Let (U,H) be a continuous unitary representation of the circle group G = T = M/27rZ and 
H be its infinitesimal generator, i.e., Ut — e**^ for t e M. Then H is the orthogonal direct sum 
of the eigenspaces Hn = G Hv — nvn}, n G Z. If infinitely many of these are non-zero 
{H is unbounded) and some H„ is infinite-dimensional {n lies in the essential spectrum of H), 
then Proposition |6]6] implies that for £ — C*(T), A = B{H), the tautological representation tt of 
v4 on "H and Oit{A) :— UfAU^ , the covariant representation (vr, U) is not a cross representation, 
i.e., (7r,[/) ^ Rep^(a,-H). 

Example 6.9. (Infinite sums of cross representations need not be cross representations) 
We consider the compact group G := T, £ := C*{G) and the C*-algebra 

oo 

A := {(A„)„eN I A. G S(L2(G)),sup||AJl < «)} C [] B{L\G)) 

n=l 

with componentwise operations, and norm ||(A„)„gN|| = sup||A„||. Let G act componentwise 
on A by ag((A„))„gN = {UgAnU*)n£t>!, where U : G ^ U(i^(G)) is the regular representation. 

Then, for each k, we have a covariant representation {■Kk.Uk) of {A,G,a) on L'^{G) defined 
by TTk{{An)neN) = Ak and Uk '.= U. Since the representation {U,L'^{G)) is of finite multiplicity. 
Proposition 16.61 implies that (vr^jf/fc) is a cross representation. 

We prove that the direct sum representation {tt®,U®) :— ( (B tt^, © Uk) onV, :— ® Hk, 

fcGN fcsN fcGN 

:= L'^{G), is not a cross representation. Recall that we can identify the dual group G = Z 
with the orthonormal basis {e„ | n G Z} of L^{G), where e„(i) := e^'^*"*. Then the unitary map 
L'^{G) — > £^(Z) defined by this basis is the Fourier transform under which Uc{C) transforms to 
pointwise multiplication by Go(N), hence [/£(£)e„ = C • e„ and Uze-ri — z'^e.n for z £ T and 
ah n. Now define A := (Afc)fegN G A where := (•,ei)efc G B{L^{G)). Then 7r®(A) • J7|'(£) = 
Ctt® (A) , and for z G T we have 

= sup||(-,ei)(z'' - l)efe|| = suplz*" - 1|, 

fcSN fceN 

and this is equal to 2 for some z arbitrary close to 1 (e.g. exp(i7r/n), n G N), thus U®tt®{A) 
7r®(A) for z ^ 1. Therefore Lemma FA.lf iDfb) implies that (7r®,[/®) is not a cross representa- 
tion. 

Example 6.10. (Cross representation need not restrict to cross representations on subgroups) 
(a) Consider the compact Lie groups H SO„(M) C G := U„(C). We consider the natural 
unitary representation [/ : G — ?► U (J^(C")) on the symmetric Fock space 

oo 

n = J'(C") ®^C" , ®^C" = symmetrized Hilbert tensor product of k copies of C" 

given by Ug(^vi ($s - ■ - ^s Vk) ■— {gvi (^s - • • gvk) (cf. Example 19.31 below) . Since the represen- 
tation of G on the subspace (X)^C" of homogeneous elements of degree k is irreducible ( |NeOO[ 



\\Ufi.®{A)-n®{A)\\ = 0(.,ei)(^'=e,_e,) 
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Prop. IV. 1.12]), the representation U is multiplicity free, hence defines a cross representation of 
{A, G, a) for A = Bin) and ag{A) = UgAU* for vr = id (Proposition iH). 

We claim that the representation {tt,U\h) is not a cross representation of {A, H, a\H)- In 
view of Proposition it suffices to show that U\h has infinite multiplicities. Under the Segal- 
Bargmann transform B: L^(R") — "H ( |Ne001 Prop. XII. 4. 3]), the action of H corresponds to 
the natural representation on i^(R") given by {Uhf){x) = f{h^^x). Therefore the factorization 
L2(M") = L^(§"^^) (g) L^(R^) and the triviality of the iJ-action on the second factors implies 
that all i?-multiplicities in H are infinite. 

(b) If we take the Schrodinger representation U of the 3-dimensional Heisenberg group G on 
v. = i^(M), let A ~ B{'H), then the group U{G) is generated by exp{itQ) and exp(itP), and 
U{G) acts on A by conjugation, defining a C*-action {A,G,a). As Uc-(g){G* {G)) — /C(H), 
this is a cross representation for (a, C*(G)). However, it is not a cross representation for the 
subgroup generated by exp{itQ) as Q has continuous spectrum (cf. Example 17. 141) . 

Example 6.11. (Number operators for bosons). Let H he a nonzero complex Hilbert space 
and define a symplectic form a : Ji xJi ^ Rhy cr(a;, y) := Im(a;, y) where (•, •) denotes the inner 
product. Then {Ti^a) is a symplectic space over M, and we let Sp('H,cr) denote the group of 
symplectic transformations of it. Note that unitaries on "H define symplectic transformations. 
For the quantum system based on this we choose for its field algebra A the Weyl algebra A(?^, a) 
(cf. |Ma68j ). It is defined through the generators {6f \ / G %} and the Weyl relations 

5)^5^f and SfSg^e-'^^^^^^^'^Sj+g for f,g£H. 

Define a C*-action a : Sp('H,cr) Ant{A) by arp{dx) ■= St{x) We are interested in particular 
one-parameter subgroups of Sp(H,cr), and it is well-known that in general the action of these 
via a is not strongly continuous as ||5x ^ i^yll = 2 if x 7^ y. The simplest nontrivial unitary 
one-parameter group one can define on 'H is just multiplication by e'*, t € R. This defines an 
action of the circle group a : T — ?> Aut(.4) by ct^{Sx) Szx, 2 G T C C, which is not strongly 
continuous. 

Let (tt, [/) be a covariant regular representation of {A,T,a) on a Hilbert space JC. Then 
the generator N := — iJj|t=oC^e" of the one-parameter group defined by U is identified with a 
number operator (cf. |Ch68| ). We claim that, if N is bounded from below, then (tt, U) is a cross 
representation for £ = C*(T) = Co(Z) ^ cq. Let P„ € Uc{C) denote the projection onto the 
T-eigenspace 

Un ■.= {veH: (Vz e T) U,v = 
Since span{P„ : n G N} is dense in Uc{C), it suffices to show via Lemma [A. 1 T ii) (b) that 

lim U,n{A)Pn = t:{A)P„ for A e A. 

Since the set of elements A E A satisfying this relation is a closed subspace, we may w.l.o.g. 
assume that A = 7r((5/) for some 7^ / € "H. Let H = Ho (B 'Hi, Ho = C/, denote the 
corresponding orthogonal decomposition of H. The Stone- von Neumann Theorem implies that 
the restriction of tt to ^0 A('Ho, cr|-Ho) is a multiple of the Fock representation (770,7^(^0)), 
where F{Ho) denotes the Fock space of Ho- Accordingly, we write 

IC^ F{Ho)®lCi, 

where the elements 5tf, t G R, act trivially on ICi. Since the Fock representation of Ao is 
covariant with respect to the corresponding number operator, we obtain a tensor decomposition 

Uz^U°® Ul and likewise 

iV = iVo(8)l + l(8)iVi 
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for the corresponding number operators, where a{No) ~ Nq. This leads to a decomposition 
and since N is bounded from below, this sum is finite, which in turn leads to 

M M 

m—0 m— 

Each is a rank-one projection, hence in particular compact. Therefore 7ro{(5/)P^ is compact, 
and thus lim^^i U^no{Sf)P^ — TTo{Sf)P^. This implies that limz_>.i UzTT{Sf)Pn = TT{5f)Pn for 
every n S N, and thus (tt, U) is a cross representation. 

Note that the boundedness of the number operator N from below implies that (tt, U) is a 
multiple of the Fock representation (cf. |Ch68) ). We will return to this issue when we consider 
spectral conditions in |GrN12j . 

Example 6.12. Let {X,a) be a nondegenerate symplectic space over M, and let G :— Sp(X, cr) 
denote the group of symplectic transformations of it. The quantum system based on this has for 
its field algebra A either the Weyl algebra A{X, a) (cf. |Ma68| ) above, or the Resolvent Algebra 
TZ{X,a) (cf. [BG08) ). and there is a discontinuous action a : G — > Aut^, which for A{X, a) is 
the one above. 

Assume that X is finite-dimensional, so that G is locally compact. Let (tt, U) £ Repjr{a,H) 
with £ — C*{G) be the Fock representation. Then G contains the one-parameter group 7J = T 
generated by the number operator. As the resolvent of the number operator is compact for 
X finite-dimensional, it follows from Remark 16.3^ 2) that (tt, U) is a cross representation for 
(a,£) (cf. also Lemma rC.3|) . If we restrict a to subgroups H' C G, then (tt, U) remains a cross 
representation for the restriction, as long as H Q H' . 

6.3 Cross representations of semidirect products 

We need tools to analyze cross representations in terms of subsystems. It is sometimes useful 
to analyze the existence conditions in Theorems 15.61 and 15. 1( b) in terms of subgroups of G. For 
instance, in the context of an action on A, we may know that we have crossed product hosts 
for some subgroups generating G, and then we want to conclude that G itself has a crossed 
product host. E.g. for a Lie group G we can easily analyze these existence conditions in terms 
of the resolvents of the generators of the one-parameter subgroups, and then we want use this 
information to establish the conditions for G. 

We consider a semidirect product G — N H oi locally compact groups. This can be 
concretely realized as follows (cf. |Wil071 Sect. 3.3]). Let G be a locally compact group with a 
closed normal subgroup N and a closed subgroup H such that NDH = {e} and G = NH. Define 
ip : H ^ Aut A'^ by (p(h)(n) — hnh^^, then (n, h) — >■ nh is an isomorphism of locally compact 
groups between N yi^H and G. This allows us to identify Gc{G) with Cc{N x H) by /(n, h) := 
f{nh). Then there are morphismsr/^: G*(A^) ^ M(G*(G)) and?]//: C*{H) M{G*{G)) given 
by convolution of measures as follows. Denote the Banach space of finite regular Borel measures 
on G by M.{G), then convolution and involution in M.{G) are given by 

/ f{t)d{-f*v){t):^ I I f{st)d^{s)dv{t) and / f [t) d^* (t) -.^ [ l{t-^)d^{t) 

JG JGJG JG JG 

for 7, V £ M{G), f £ Co{G). We identify an / £ L^{N) with the measure fdfiN, where 
fiN is the Haar measure of N. Then convolution of this measure with the measures hdfic, 
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h E L^{G), produces the multiplier action ■ C*{N) — > M{C*{G)), and likewise we define 
jH- C*{H) M[C*{G)). In terms of the L^-functions alone, we obtain 

{P*f){x)=l p{y)f{y^^x)dnN{y) and {f p){x) = j Aaiy^'^) f{xy^'^) p{y) dfj.N{y) 
Jn Jn 

for all / e L^{G), p E L^{N) and x E G jiG-s-^-, where is the modular function of G (cf. 
(HR631 Thm. 20.9]) and 7^ (p) ■f=p*f, / • 1h{p) ^f*P- 

Note that the conjugation action of H on leads to a strongly continuous C*-action 
p-.H^kut C*{N) given by 

Ph{f){n) := a{h)-^f{h-^nh), f E C,(iV), hEH,nEN, 

where the continuous homoniorphisni a : H ^ (M^,-) is obtained from the uniqueness of the 
Haar measure on N and is given by 

a{h) diJ.N{h''^nh) — dfiN^n) for hEH,nEN 

(cf. |Wil071 Prop. 3.11] with the substitution A ^ C). 

Theorem 6.13. Consider a semidirect product G = N yi^ H of locally compact groups, and let 
7Ar: C*{N) M{G*{G)) and-/H- C*{H) M(C*{G)) he the morphisms above. 

(i) The triple {C* {G),^N tIh) is a full crossed product host for {(3^ C* {H)), where (3 is the action 

of H on C*{N) induced from the conjugation action on N. We have 
C*{G) = C*{^h{C*{H)) ■ in{C*{N))) = hH{C*{H)) ■ 7^(C*(iV))]. 

(ii) Let a: G Aut(^) he a G* -action and denote the restricted actions of a to N and H hy 

and resp. Let (tt, [/) E Rep£(a,H), C = G*{G), and assume that its restrictions 
(tt, U \ N) and (tt, U \ H) are cross representations for {a^ , C*{N)) and {a^ , G*{H)) resp. 
Then (tt, C/) is a cross representation for {a,G*{G)). 

Proof, (i) The group algebra of a semidirect product was a motivating example for the develop- 
ment of twisted group algebras, cf. |BS70| . |PR92| . It is known that C*{G) = C*{N) xi^iJ, hence 
it is a full crossed product host for G*{H)) (Example 14. 3p . Its representations correspond to 
the covariant representations of {C*{N), H, /3) which in turn correspond to the covariant unitary 
representations of the pair {N, H, ip) , and these are in one-to-one correspondence to continuous 
unitary representations of G. For the sake of completeness, we take a closer look at the cor- 
responding isomorphism. The isomorphism $ ; G*{N) yip H ^ G*{G) is the extension of the 
natural map 

C,{H, G,{N)) ^ G,{N xH)^ ^(G). 

As C* (N) yp H is a crossed product host as in Definition 14.11 for the action (C* {N) , H, fi) with 
choice of host C*{H), it follows from (CP4) and Proposition 14. 6f i) that 

G*iN) ypH^ G*{vc'{N)(.C*{N)) ■ r^c'[H){C* {H))) = lr^c'iN){C* {N)) ■ r^c'[H){C* {H))} . 

We prove that the isomorphism $ : C*{N) yp H C*{G) satisfies $ o ric-'{N) — In and 
$or/c-(//) = 7_f/ where 7Ar : C*(A^) ^ Af (C*(G)) and 7^ : C* (ff) ^ Af(G*(G)) are given above. 
Now G*{N) xip H is the closure of the span of those / E GdH, Cc{N)) of the form f = p® 
i.e. f{h){n) = p{h) q{n) for p G Gc{H), q E G^N). Then 

Vc'(,N){r) ■ f ^ {r*p)<S>q for rEG*{N), 
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because the product in C*{N) is convolution, and likewise 



f ■Vc*iH){s)^P<»{q*s) for seC*{H). 
Now $(/)(«, h) := f{n){h) = p{n) q{h) leads to 

'^{vc'{N){r) ■ f){n,h) = {r*p){n)q{h) = {jN{r) ■ {p®q)){n,h) = (7Af(r) • f){n,h) 
where the second equation comes from 

ilnir) ■ f){n,h) = [r ^ f){nh) ^ j f{y'^nh) r{y) dfiN{y) ^ piy^^n) r{y) d^Niv) ■ q{h) 

Jn J n 

= {r *p){n)q{h). 

Thus $ o r](y(N) = In and likewise $ o rjc^^u) = jh- 

(ii) As (tt, J7) e Rep£(a,'H), the representation U is continuous, hence its restrictions to 
N and iJ satisfy {Tr,U\N) e Repc.(^)(a^, -H) and (tt, C/fiJ) G Repc-.^^:^) (a^, "H) resp. The 
representations Uc*(g)j Uc*{n) and Uc*(h) are all obtained from [/ by integration, and via 
the inclusions 7jv : C*{N) M{C*{G)) and 7//: C*{H) ^ M{C*{G)) we also have Uc'{n) = 
Uc-{G) ° In and Uc*(h) = Uc*(g) ° 7ff- Thus by (i) we get 

Uc'iG){C*{G)) - [{)c^)(7H(C*(i/)) •7Ar(C*(iV)))] = • Uc^iN)iC*iN))l 

Now the assumption of a cross representation means by equation ([5|) that 

7r(^)C/£(/:) C UciC)piC) = lpi7jciC)vAiAm 

for the appropriate host C. So by hypothesis we have that 

and 
Thus 

7r(-4)C/c.(G)(C*(G)) - ^(^)[C/c*(H)(C*(i/)).C/c.w(C*(iV))l 

C iC/c* (if) (C^* (if)) TTiA) Uc. (AT) (C* (TV))] 

C [C/c* (if) (C* (il)) Uc' (^) (C* (TV)) 7r(^)l 

C [C/c*(G)(C*(G)) 7r(^)l 

C [/c.(G)(G*(G))i?(H) 

and hence (tt, J7) is a cross representation for (a, G*(G)). □ 

Remark 6.14. The preceding theorem is quite useful, e.g. if G is an abelian finite-dimensional 
connected Lie group, then it is isomorphic to K" x T'^ for some n and k. Denote the one- 
parameter subgroups corresponding to the factors of this product by Gj. If a representation 
U -.G^ U(-H) is continuous, then U{G*{G,)) = G*(i?j(M)), where Rj{t) = {it - Hj)'^, t £ M, 
is the resolvent of the generator Hj of the one-parameter group U{Gj). Thus U{G*{G)) is 
generated by the products {i?i(ti) • • • i?„(t„) | ii,...,i„ e M}. Thus if (vr, t/) G Rep£(a,H) 
where £ = G*(G), then by TheoremiHl it is enough to check that TT{A)Rj{t) C lRj{R)B{n)i 
for each j and one t, to conclude that that (tt, U) is a cross representation. 
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A close reading of the proof of Theorem lB-lSf ii) shows that it has the foUowing generaUzation. 



Theorem 6.15. Let G be a topological group with subgroups N, H. Assume that G, N, H 
have hosts Cq, Cn, J^h respectively, such that there are homomorphisms jn : Cn — > M{Lg) 
and : Ch — > M{Lg) satisfying 

Cg - C*{^h{Ch) ■ 1n{Ci,)) = Iih{Ch) ■ 1n{Ci,)1 

and \ N = 7^? o ry^ and if^lH — 7/f o rj^ . Let a: G Aut{A) be a C* -action and denote 
the restricted actions of a to N and H by and resp. Let (tt, [/) g Rep£^(a,'H), and 
assume that its restrictions (tt, U \ N) and (tt, U \ H) are cross representations for {a^ ,£n) and 
{a^jCn) resp. Then (tt, [/) is a cross representation for (UjCg)- 

Proof. Fix a (tt, C/) G Rep£^(a,'H). From the hypotheses, Theorem IA.2r ii') imphes that both 
7jv and jh are nondegenerate, hence they extend to strictly continuous homomorphisms 
7jv: AHCn) ^ MICg) and 7^ : M{Ch) ^ AHCg). As 

U\N ^uToOT^'^lN = uZ°lNor]^ ^ iv^r{uZ ° In) 

it follows from the host property of that {U \ N)cj, = {{v^)*y^{iU \N)c,^) = U^g ° In- 
Likewise we have that {U \H)ch = Ucg ° 1h- Thus we get 

C/£o(^g) - lU7a{lH{CH)-lN{CN))l = {{U \ H) cA^^h) ■ {U \ N) cA^^n)}- 

Now a direct transcription of the remaining part of proof of Theorem I6.13f ii) with the natural 
substitutions completes the proof. □ 

This can be further generalized to more than two subgroups. 

7 Non-cross representations 

In the previous sections we showed how to construct crossed product hosts from cross repre- 
sentations. Here we want to start from a non-cross representation, and see how best to obtain 
a crossed product host. The strategy is to reduce ^ to a smaller subalgebra Ac for which 
the given representation becomes a cross representation. The motivation for this comes from 
physics, where it is common to start from a physically important representation (e.g. the Fock 
representation), or one has a class of covariant ^-representations which are important (e.g. for 
the Weyl algebra, the regular representations), and it may happen that these are not cross 
representations for the given pair (a, C). 

One may view this situation as a compatibility question between two quantum constraints. 
Constraints of a quantum system may be considered as a restriction of the representations of 
its field algebra A which the system may realize. In our case one constraint is the restriction 
to the given fixed class of representations, and the other is restriction to the class of covariant 
cross representations of (a, C). If these two classes are disjoint, the constraints are incompatible. 
Concretely, the nondegeneracy condition in Theorem 15. If b) is the crucial compatibility require- 
ment, and its failure indicates the incompatibility of some elements of A with the constraint of 
restricting the representations of A to the required class of covariant /^-representations of (.4, a). 
We therefore seek a maximal invariant subalgebra of A for which the nondegeneracy condition 
holds for the given representations. 

Let G be a topological group, let (£, 77) be a host algebra for G and let a: G Aut(^) be 
a group homomorphism, where ^ is a G*-algebra. We assume that we are given a set of cyclic 
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covariant £- representations, hence that we can take their direct sum, denoted (tt®, [/®). Thus, 
foUowing the construction in Theorem 15. If b). we put C :— C* (tt® (^)[/® (£)) , which produces 
a triple {C,r]j\^,r]c) such that 

(CPl) T]^: A ^ M{C) and t]c - C ^ M{C) arc morphisms of C*-algebras. 

(CP4) rjj([A)rjc{C) C C and C is generated by this set as a C*-algebra. 

As (7r®,[/®) need not be a cross representation, (CP2)and (CP5) wiU fail in general. Note 
that if (CP2) fails, then Theorem IA.2r iii) is lost, and hence the covariance requirement (CPS) 
does not make sense, as it uses the multiplier extension rjc'- M{C) — > M{C). Covariance will 
have to be expressed differently, and our first task is to obtain an adequate covariance condition 
to replace (CPS). We need this, as (C, 77^, rye) is defined from a covariant £-representation, and 
we are only interested in obtaining covariant /^-representations from C. 

Definition 7.1. Assume (CPl) and (CP4) for {C,rij^,ric) in the context above. For any 
Hilbert space a (nondegenerate) representation p S Rep(C,'H) is called an C-representation 
if p o : £ — > BCH) is a nondegenerate representation of £. We write Rep£(C, H) for the set of 
/^-representations of C on H. 

If the defining representation (7r®,C/®) of {C,riji^,ric) is a covariant £- representation, then 
the defining representation of C is an /^-representation. If (CP2) holds, then all non-degenerate 
representations of C are £- representations (cf. Theorem lA.2r vii)). 

Proposition 7.2. Assume (CPl) and (CP4) for {C^rjj(,ric) in the context above. Then the 
following assertions hold: 

(i) Any subrepresentation of an C-representation p of C is again an C-representation of C, 
and any orthogonal sum of C-representations is again an C-representation of C. 

(ii) Let p G Rep£(C,H). Then there is a unitary C-representation of G, denoted V : G — > 
U('H) uniquely specified by UP{g) ■ (p o r]c){L) = [p o ric){ri{g)L) for all g E G, L <E C. 
Moreover, UP{G)" = {{p o r]c)iC))" . 

(iii) Let p G Rep£(C,'H) satisfy the covariance relation: 

U'ig) ■ {po rjA){A) ■ UP{gY = {po VA){ag{A)) V all geG,Ae A. (7) 
Then po rjj^ : A ^ B{'H) is nondegenerate, and (p o r/^, W) G Rep£(a,'H). 

(iv) Let p Cz Kep^{C,'H) be faithful and covariant, i.e. it satisfies^. Then all C-representations 
of C are covariant. If, in addition, A is unital, then f]j\^: A-^ M{C) is nondegenerate. 

(v) Assume that there exists a faithful covariant C-representation of C . For each Hilbert space 
Ji define a map 

V*x ■ Rep£(C, n) Rep£(a, H), given by r]l (p) := (po rjj^, If) . 

Then rj^ is injective. Moreover rj^, takes cyclic (resp irreducible) representations p G 
Rep£(C,H) to cyclic (resp. irreducible) covariant representations (tt, U) G Rep£(a,'H). 

Proof, (i) By definition (p o r]c){C) C p(C)" C B{'H), hence it preserves any p(C)- invariant sub- 
space. In particular, if there is a nonzero ?; in a /9(C) -invariant subspace such that (p o r]c){C)v = 
{0}, then (po r]c){C) is degenerate, which contradicts the assumption that p is an £-representation. 
Thus all subrepresentations of /^-representations of C are /^-representations. Likewise, if p G 



28 



Rcp(C,H) is an orthogonal sum of /^-representations, and there is a nonzero w d H such that 
ip° Vc){^)w — {0}, then for each of its components Wi we must have (p o r'ic)iC)wi — {0} which 
contradicts the assumption that p is an orthogonal sum of £-representations. 

(ii) As p € Rep^{C,H), the representation p o rjc : C B{H) is nondegenerate. By the host 
property of C, it defines a unitary representation := ri*{po rjc) '■ G — > U('H). It is uniquely 
specified by U'>ig)-{por^c){L) - {porjc){r]{g)L) for aU g e G, i £ C. That [/"(G)" - {por^c){J^)" 
follows directly from Remark 13.31 

(iii) As (£,?7) is a host algebra for G, the subgroup 77(G) spans a strictly dense subspace of 
M{C) (Proposition I3.2f ii')'). Since porjc extends to AI{C) by strictly continuity, we have for 
Ae A and L e C: 

, \ - s-op 

p[^ciL)^A(.A)) e [{po f^c){spMv{G))) ■ (? o ^^)(A)) C l{por,A){A)ipo^c){M{C))r '"°P, 

using covariance for the last inclusion, where closures are w.r.t. strong operator topology, and 
square brackets indicate span. This implies that 

p{va{A)vc{J^)) C l{po^c){M{C)) ■ {porj^){A)r '"°P- 

If {po rij^^){A)v — for some nonzero v £ H, then clearly p(^ric{^)ilA{-^))v ~ 0. On the other 
hand from the inclusion above we get that p(riy\{A)ric{C))v — and hence that p{C)v — which 
contradicts the nondegeneracy of p. Thus the representation p o ; ^ — > B{'H) is nonde- 
generate. By assumption of the covariance relation, it follows that (p o rjj^, W) is a covariant 
representation, and by (ii) If^ is an /^-representation, hence {po rj^^, V) £ Rep£(a,H). 

(iv) Given that p € Rep£ (0,1-1) is faithful and covariant , we define automorphisms 7g G Aut C 
for each g £ G as follows. For each A £ A and L £ £ let 

p{^,{vc{L)va{A))) := UPp{vc{L)vA{A)){U^r ^ p{vc{ML))vA{a,{A))) 
where l3g{L) :— Tj{g)Lrj{g)* is the automorphism of C corresponding to g G G. In other words, 

l9{vdL)VA{A)) := inc{fia{L))VA{c^a{A)). 

Since p extends to a faithful representation of M(C), we also know that the extension of 7^ to 
7g G Aut M(C) is given by po 7g = ^<^{UP) o p. Thus 

lg{riA{A)) = VA{ag{A)) and lg{ilc{L)) = VcWgiL)) . 

We also obtain identities such as 

TjciL)7jA{A)rjciL') = i^c{Lv{g)*)riA{ag{A))r,c{v{g)L') (8) 

from the definition of and the covariance condition. 

Let pi £ Rep£(C,7^i). We want to prove that it is covariant. As pi o rjc ■ C ^ B{'Hi) is 
nondegenerate, it suffices to prove that 

(^{piOTjc){L)v, {UP^r{pioj^j,){ag{A))UP^ -{pio^cmw) 

((Pi ° Vc){L) V, {pi o tia){A) ■ [pi o ric){L') 

for all L, L' £ C, V, w £ Hi, g £ G and A £ A. The left hand side rearranges with (jS]) to 

(v, pi{vc{L*v{9r)VA{ag{A))r^c{v{9)L')) w) = (v, pi{f^c{L*) Va{A)vc{L')) w) . 

As this rearranges to the right hand side of our desired condition, covariance is proven for pi . 
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Since (p o 7y_4, [/'') is a covariant representation, both po 77^ : ^ — )• B{H) and p o rjc are 
nondegenerate, and as A is unital, we get that {p o rj_A){l) — 1. Since p : M{C) B{H) is 
faithful, it follows that ?y>t(l) = 1- In particular, ri_A: A—^ M{C) is nondegenerate. 

(v) That the map 77* is well-defined follows from (iii) and (iv). If pi, p2 & Rep^{C,H) satisfy 
V*x{Pi) = »7x(P2), i-e. {pi°VA,UP^) {p2°VA,U'"'), then 

Pi{VAiA)rjciL)) = (pi o rjA)iA) U^iL) - {p^ o tia){A) U^^L) = p2ivA{A)rjciL)) 

for A (z A, L (z C, and this implies that pi — p2- Thus 77* is injective. 

Recall that (tt, U) G Rep£(a,H) is cyclic (resp. irreducible) if and only if it defines a cyclic 
(resp. irreducible) representation of ^ xIq, G^, which we denote by tt x [/. Let 77* {p) = (tt, U). 
Since for any d Ji we have 

W)^ = C*{7r{A)Uc{C))i^ - C*{tt{A)Uc{C)")^ = C* {7r{A)U{G)")^ = {tt x U){A >^c, Gd)i^, 

p is cyclic if and only if tt x ?7 is cyclic. A representation is irreducible if and only if every 
nonzero vector is cyclic, so it is clear that p is irreducible if and only if tt x [/ is irreducible. □ 

The situation in (iv) is the natural one, where we construct {C,r]j[,r]c) from a covariant 
/^-representation of {A,G,a) as in Theorem 15. iT b). In view of (i), it makes sense to define the 
universal /^-representation of C: 

Definition 7.3. Assume (CPl) and (CP4) for {C,rij[,ric) in the context above. Let &c{C) 
{uj e &{C) I puj e Rep^{C,'Hui)} denote the set of those states, whose GNS-representations p^j 
are /^-representations of C. We define the universal C-representation of C, S Rep£(C,H^) by 

Pu ® P^^ = ® 

Clearly Ui = {0} if &c{C) ^ 0. When there is no danger of confusion, we will omit the 
superscript C. 

Lemma 7.4. Let (7r„,/7u) € Rep£(a,'H„) he the the universal covariant C-representation, and 
define C :— C* (Tru{A)Uuxi^)) ^'^'^ VA '"^'^ Vc '^■5 in Theorem \5.lY b ). producing the triple 
{C,r]j{,ric) satisfying (CPl) and (CP4)- Then the defining representation of C G B{'Hu) is 
equivalent to the universal C-representation (p^i^u) "^/^ Definition \7.3\ 

Proof. By Proposition l7.2f v) we have the injective map 77^ : Rep£(C, "H^) Rep£(a, H^) which 
preserves cyclic components. Hence 77x(p^) = (/^ o ?7^,f^''") is the direct sum over the same 
cyclic components as p^ with the same multiplicities. The cyclic components of p^ are the GNS- 
representations of &c{C), and under ?7* these become GNS-representations of states in ©£. 
(Recall that the cyclic components of {tTu,Uu) are the GNS-representations of states in ©£.) 
Conversely, given lo € ©£, then there is a vector in "Hu which will reproduce it, hence in the 
defining representation for C this vector will produce a state in &c{C). Thus we have the same 
cyclic components with the same multiplicities, so (7r„, [/„) is equivalent to rj^. (p^) and hence p^ 
is equivalent to (?7x)~"^(7r„, [/„). □ 

Since in our natural examples, the defining representation of C is an /^-representation, it is 
natural to require the universal /^-representation p„ of C to be faithful. We can now state our 
covariance assumption: 

Definition 7.5. Given a triple {C,r]_4^,r]c) satisfying (CPl) and (CP4) as above, then the co- 
variance condition is given by: 
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(CPS') The universal £-representation pu is faithful and satisfies 

UP-{9) ■ {pu o ry^)(A) • {/""(.g)* - (p„ o ju){(^M)) ah 5 e G, A e A. 

Note that by Proposition 17. 2f iv) . any triple {C,rij\,r]c) obtained as in Theorem 15. iT b) from 
a covariant /^-representation will satisfy condition (CPS'). Moreover, if we replace p„ by any 
other faithful /^-representation, the resulting covariance condition will be equivalent to (CPS'). 

Remark 7.6. If (C, 77^, r/c) is a crossed product host, then the action a: G Aut(^) extends 
to an action a: G Aut(M(C)) by ctg = Ad{ric{g)) where rjc = rjc o f]. On the other hand, 
if {C,rij[,ric) is not a crossed product host, but it satisfies (CPl), (CPS') and (CP4), then via 
Ad(C/''"(g)) we can define (in yO„) an automorphism of S(Htt) which preserves C, rij\^{A) and 
rici'C) and coincides on r]y^{A) with 77^ o ag (see proof of Proposition I7.2f iv) above). More- 
over, the automorphism on C extends uniquely to M{C), so it also preserves M{C). On C the 
automorphism 7^ G Aut C is determined by 

7g{vciL)ru{A)) VcWg{L))vAiagiA)) for ah A e A, L e C, 

where Pg{L) := rj{g)Lrj{g)* is the automorphism of C determined by the multiplier action of 
G on £. Moreover, 7^ also preserves the subalgebra M[C)c ■= ric{C)M{C)ric{C), and if the 
multiplier action rj: G U(Af(£)) is strictly continuous, then the restriction of 7^ to M{C)c is 
a strongly continuous action, as ^g{ric{Li)N'qc{L2)) = ric{Tl{g)Li)Nric{L2rj{g^^)) for Li e £, 
N € M(C). 

By Proposition 17.2^ 111) and (iv), if condition (CPS') holds, then each ^-representation p € 
Rep£(C,'H) will produce a covariant pair ijjo rj^^ V) G Rep£(a,'H). Thus, given such a triple 
(C,r]A,Vc), it makes sense to seek a subalgebra which can "carry" the /^-representations. Note 
that a representation of C is an /3-representation if and only if it is nondegenerate when we 
restrict it to the G*-subalgebra Cc ■= Vc{'^)Cvc{^) of C. Moreover, an /^-representation p of C 
is uniquely determined by its restriction to ri(i{C)C'qc{C) via the relation 

p{G) — s-lims-lmi p{rjc{Ei)Cric{Ej)) for any approximate identity (Ej) oi C. 
i j 

This leads us to a closer analysis of the hereditary subalgebra Cc of C (cf. Proposition lA.sp . 

In the context of assuming (CPl) and (CP4) for {C,riA,ric), consider the hereditary G*- 
subalgebra of M(C) generated by iic{C) C M{C). It is 

M{C)c := iidC)M{C)inc{C) - Vc{C)M{C) n M{C)7^c{C) 

(cf. |Bla06| Cor. II.5.S.9 and Prop. II.5.S.2]), hence it is characterized by 

M{C)c = [M e M{C) I r]ciEj)M -> M and Mr]c{Ej) -> A/} (9) 

for any approximate identity {Ej} of C. The intersection of M{C)c with C is again hereditary 
by the following lemma. 

Lemma 7.7. Let Bq Q B be a hereditary subalgebra of the C* -algebra B. Then for any C* - 
subalgebra D Q B, the intersection V H Bq is hereditary in D. 

Proof. That Bq is hereditary means that, for i? S ;B and i?o G Bq, the relation < B < i?o 
implies B G Bq, i.e., the positive cone in Bq is a face of the positive cone in B ( |Mu90[ Sect. S.2]). 
For £) G I? and Do e Bo O I? with Q < D < Dq we thus obtain D G Bq, so that D G I? O Bo- □ 



31 



We put Cc '■= Af (C)£ n C = i]c{^)Ci]c{C). Then ijc restricts to a homomorphism 

tjI: M{Cc), rfc{L)C~f^c{L)C, C E Cc 

which is nondegenerate by the characterization of M{C)c in 

The condition (CP2), i.e. nondegeneracy oi rjc - C ^ M{C), is equivalent to the condition 
\\vc{Ej)C~C\\ for ah C S C, and any approximate identity {Ej} of £ (cf. Theoreni lA.2r iv)V 
This means that the hereditary subalgebra Cc must be all of C. In the case that this docs not 
hold, our task is to restrict the system in order to obtain one for which the crossed product host 
can be defined. It is natural to try to build a crossed product host from C^, where we already 
have the nondegenerate action r/^ : £ — > M{Cc)- However, the action r/j^: A —>■ M{C) need not 
restrict to Cc, so we define: 

Definition 7.8. Given a triple {C,ri_/\,ric) satisfying (CPl) and (CP4) and Cc as above, let 

Ac:={AeA\ru{A)Cc^Cc and ru{A*)Cc ^ Cc} ■ 

Note that this includes the commutant of ric{C) in A. Thus rjji restricts to a homomorphism 

V°A-Ac^ M{Cc), v°AiA)C := va{A)C, CeCc, Ae Ac- 

To put the algebra Ac into context, recall the following framework. Let C** be the enveloping 
W^* -algebra which contains M{C) as a subalgebra. Then the weak limit 

P ■.^limriciEj) (10) 

exists in C** for any approximate identity {Ej} of £, and defines a projection. From condition 
dH) we see that Cc = M{C)c(^C = PC**PnC, hence P is the open projection of Cc in Pedersen's 
terminology (cf. |Pe89[ Prop. 3.11.9 and 3.11.10] and Proposition lA.ST iii)). We have: 

Proposition 7.9. Given a C* -action {A,G,a) and a triple {C,riA,Tic) satisfying (CPl) and 
(CP4-), then with Ac and P as defined above;- 

(i) Ac^{AeA\ [r]A{A),P\ ^Q]^{AeA\ r,A{A) - P^a{A)P + (1 - P)riA{A){l - P)) 
i.e. riA{A) consists of diagonal elements w.r.t. matrix decomposition of elements of M(C) 
w.r.t. P and I P. 

(ii) Ac^{AeA\ rjAiA)r]ciC) C r/£(£)C and j^a{A*)t1c{C) C 7^c{C)C}, 

(iii) For any (hence all) approximate identities {Ej} of C we have 

Ac = {A A \ \\{ric{Ej) - l)riA{B)r^c[L)\\ -> for B = A and A*, and for all L e C} . 

(iv) In addition, assume (CPS'). Then Ac is an ac -invariant subalgebra of A. Moreover Ac 
contains all the elements of A which are invariant w.r.t. ac- 

Proof, (i) Since PC = C for all C E Cc, the definition of Ac implies for A e Ac the relations 
Pva{A)C = 7]a{A)C and Pr]A{A*)C = r]A{A*)C. Thus (1 - P)r]A{A)C = for all C G Cc, 
hence by substituting for C an approximate identity for Cc, we get (1 — P)r]A{A)P = 0. From 
the analogous relation for the adjoint, we also get PriA{A){l — P) ~ 0, hence 

r,A{A) = Pva{A)P + (1 - P)vAiA){l - P), i.e. [//^(A), P] = 0. 

Conversely, if [r]A{A),P] = 0, then 7?^(A)C = r]A{A)PCP = PriA{A)CP G PC**P nC=Cc for 
all C & Cc, hence r]A{A)Cc Q Cc- Likewise r/A{A*)Cc ^ Cc, and hence A e Ac- 
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(ii) Let AeA satisfy 7jAiA)r]c{C) C r]c{C)C and T]AiA*)T]c{C) C T]ciC)C. Then 



Va{A)Cc = rM(^)?7£(/:)C77£(/:) C rjc{C)C-Cvc{C) - 

and likewise ru{A*)Cc ^ C^, i.e. A e yl£. Conversely, let A e i.e. [?7^(A),F] = 0. Then 

VA{A)rjciC) = r,A{A)Pr^c{C) = PrjAiA)rjc{C) C l7^ciC)7jAiA)7jc{C)j C M{C)c ■ 

However (CP4) implies that r]A{A)r]c{C) C C, hence riA{A)7]c{C) C Af(C)£ nC = C ric{C)C. 
Likewise 7]^(A*)7]£(/:) C 77£(/:)C. 

(iii) Let A e Ac- Then by (ii) r)AiA)r]ciC) C ,7£(£)C and so || (7?£(£;,) - l)r7^(A)r7£(L)|| ^ 
for any approximate identity {Ej} of £, since || (ric{Ej) — l)?7£(L)|| 0. The same is true for 
A*, hence the condition in (iii) follows. Conversely, the condition in (iii) implies immediately 
that riA{A)ric{C) C r]c{C)C 3 f]A{A*)r]c{C), using the fact that f]c{C)C is closed. Thus by (u) 
we have A e Ac- 

(iv) By (CPS') the universal £-representation pu is faithful, hence it has a faithful extension 
to M{C). Moreover via the covariance condition Ad{U''" (g)) defines an automorphism of M{C) 
which preserves both Pu{C), Pu{va{-A)) and Pu{r]c{C)) for all g £ G (see the proof of Proposi- 
tion [TjlKiv)). Therefore these automorphisms preserve Pu{Cc) — Puivci^)) Pu{C)Pu{vc{^)) j and 
hence the idealizer of it in pu{M{C)) and hence the intersection of this idealizer with pu{riA{A)). 
By faithfulness of the latter set is PuiVAi^c)), and by the covariance condition AdlW" (g)) 
implements on ^ D Ac ■ It follows by faithfulness of pu , and the fact that Ac is defined via 
rjA that Ac is an ac-invariant subalgebra of A. 

For the last statement, notice that if A e ^ is aG~invariant, then by the covariance condition 
PuiVAiA)) commutes with UP"{G). From Proposition O^h) we get that puirjciC))' = [/''"(G)', 
hence that puiijAiA)) G puiilci^))' ■ Since p„ is faithful, we find that [i]a{A)),i]c{^)] = 0, and 
hence by condition (iii) that A S Ac- D 

As the commutant of an operator is a von Neumann algebra, it follows from (i) that Ac is in 
fact closed in A w.r.t. the weak operator topology of the universal representation of C. 

Corollary 7.10. With a: G Aut(.4) and a triple {C,riA,ric) satisfying (CPl) and (CP4) as 
above, we have 

(i) Ac — A if and only if Cc — C 

(ii) // {C,riATfJc) is constructed from the universal covariant C-representation of {A,G^a), 
then a full crossed product host exists if and only if Ac — A. 

Proof, (i) That Cc= C implies Ac = .4 is trivial, so we prove the reverse. Let Ac = A. Then, 
by Proposition [LHii), we have 7?^(A)r/£(£) C t]c{C)C and j]c{C.)'nA[A) C Ct]c{C) for aU A(^A. 
This implies that riA{A)T]c{C) C t]c{C)M{C) n M{C)r]c{C) nC = M{C)c n C = C£ C C and so 
as the first term generates C we get that C =Cc- 

(ii) From Proposition 17. 9f iii'). we note that the existence condition in Theorem 15. 61 for a full 
crossed product host becomes A = Ac for the triple {C,riA,ric)- □ 

For the triple {Cc, Va- ^^'^ action rj"^: C ^ M{Cc) is nondegenerate (i.e. we have (CP2)), 
but we lost (CP4) by the restriction from A to Ac, i.e. it need not be true that Cc is generated 
by r]c{C)r]A{Ac)- This leads us to define 

Cl ■.= C*{vciC)vA{Ac)) CC. 

Note that as ric{C) = Prjc{C)P, and rjAiAc) commutes with P we have r]c{C)r]A{Ac) C 
PC**P n C = Cc, hence C Cc- By the analogous proof to that of Theorem IS.lf b). we see 
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that ric{C) is in the ideahzer of C£ in Cc, and by condition (|9]) the muhipher action which this 
produces on is in fact nondegenerate. Thus rjc restricts to the nondegenerate action 

Vl: M{Cl), vl{L)C r]c{L)C for C E C^. 

Likewise, by the analogous proof to that of Theorem 15. If b). we also restrict the action t]a'- 

V:^:Ac-^ M{Cl), ri\{A)C va{A)C, C&Cl,A& Ac- 

It follows that the triple (C^, 77^, tic) satisfies (CPl), (CP2) and (CP4) for the restricted action 
a:G^ kvilAc- 

Proposition 7.11. Given a group homomorphism a: G Aut(^) and a triple (C,riy\^,ric) 
satisfying (CPl), (CPS') and (CP4), then the triple {C^,Vai''1c) /^^^ restricted action 
a : G ^ Aut Ac satisfies ( CPl )-(CP4), hence (C^, ri\,rf£) is a crossed product host (not neces- 
sarily full) for (a \Ac, 

This will be called the restricted crossed product host. 

Proof. We only have to prove (CPS), as we already know from Proposition I7.9f iv) that Ac is 
an ac-invariant subalgebra, and from the preamble that (CPl), (CP2) and (CP4) are satisfied. 
As (CP2) holds. Theorem IA.2f iii) applies, hence the multiplier extension 77^ : M(£) — > M{C'^) 
is defined, and the covariance requirement (CPS) makes sense. Hence we have to prove that 

^l{ri{9)WA{Am^{g)r = r,\{aM)) for .9 G G, A e Ac- 

Abbreviate the notation to rjQ :— rf^ o j] : G AI{C^). Starting now from (CPS'), i.e. 

U"- (g) ■ {pu o VAiA)) ■ UP" ig)* = Pu o VA{c^giA)) for g e G, A e A, 

recall that U^" : G -> U('H„) is just obtained from the strictly continuous extension of the 

representation pu o rjc from C to M{C). Let Pc G B{'Hu) be the projection onto the essential 

subspace of pu ° "HAiAc), i.e. Pc = s-lim/>„ o ru^(Ej) for an approximate identity (Ej) of Ac- 

3 

By (CPS') we see that all UP"{g) commute with Pc, hence U''"{G) restricts to PcHu- In fact, 
by Proposition I7.2r ii) we get that Pc S Puivci^^))' — ?7''"(G)', and so it follows that PcT~Lu is 
also the essential subspace of Pu{C^) — C* {pu{r]ci^)VAiAc))) ■ 

Let : B{Pc'Hu) be the restriction of pu{C^) to its essential subspace. Clearly is 

faithful, and it satisfies (CPS') (restricted to PcHu), and in fact ?7''"(G) restricted to PcHu is 
again the strictly continuous extension of the representation p^ o rjc from C to M(£). (Recall 
that C C, and that ri^{C) is just the restriction of rjc{C) C M(C) to C^). On the other hand, 
p^orjQ :— p^o [rf^ o rj) is also a strictly continuous extension of the representation p^orj^ from 
C to M{C), hence they must be equal, i.e. UP"{g) \ PcV-u = P^ ° Void)- Thus (CPS') becomes 

P'umg)) ■p'umA)) ■ pUvoig))* = rumaM))) fo^ aU geCAe Ac, 

and as p^ is faithful on M{C^), this implies (CPS). □ 

If (C, r]A, vc) is given explicitly by some covariant iZ-representation (tt, U) S Rep(a, H), then 
we conclude that the restriction of it to Ac is a cross representation of (a \Ac, C). The natural 
question is when the crossed product host for {a \Ac, ^) is full, and we will analyze this question 
below in specific contexts. 

Proposition 7.12. Given a G* -action {A, G, a), let (C, t^a, Vc) be constructed from the universal 
covariant C-representation (7r„, Uu) G Kcp^{a,T-Lu) where C := G*(7r„(^)[/„, £(£)), and ri_/[ and 
rjc are as in Theorem \5. lY b) . Suppose that either of the following conditions hold: 
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(i) &c separates C"^ := C* [Tr^{Ac)U^ ci'^)) "where (7r^,t/^) G Kep^{a,7i^) denotes the uni- 
versal covariant C-representation of (Ac,G,a). 

(ii) &c \ {Ac Gd) — &C' ^i^here ©£ denotes the set of those states uj on Ac Xq Gd which 
produce covariant C-representations {tTuj, U^) € Rep£(a \ Ac,'Hi^). 

Then the restricted crossed product host {C^, Va^Vc) /'^'^ ('^ T-^C: ^) *s full. 

Proof. If = then as {C]^,i1a'''1c) ^ crossed product host, it foUows that is a crossed 
product host (Proposition 17. lT|) . i.e. the universal covariant /^-representation of {A,G,a) is a 
cross representation, and thus is full by Theorem 15.61 So it suffices to show that each of the 
two conditions imply that — 

Recall that = G* {nuiAcWuxiC)) C C and = G* {TT:;i{Ac)Ulc{C)) where (7r„, [/„) is 
constructed from the GNS-representations of &c on Xq, Gd and (tt^, U^) is constructed from 
the GNS-representations of ©£ on Ac Xa C Xq Gd- Now restrictions of /^-representations 
of A to Ac are still £-representations, so as subrepresentations of /^-representations are C- 
representations, we have that &c \ {Ac Xq Gd) C 6^. Now the GNS-representation of w G &c 
on A yia Gd need not be cyclic when we restrict it to Ac y^aGd, but it decomposes into cyclic 
components. Each of these is the GNS-representation of a state in as subrepresentations of 
/^-representations are £-representations. Thus {t:u,Uu) is a direct sum of subrepresentations, 
each of which occurs in (tt^, U^). Hence there is a *-homomorphism ^ : ^ C^. 

If we assume (ii), then the same subrepresentations occur in both and C^, hence $ is an 
isomorphism. The condition (i) makes sense, since we have that &c \ {Ac Xa Gd) C S^, so 
any any ui e &c can be realized as a vector state on C^, and via $ it coincides with the lifting 
of this state from by $. Thus a;(ker$) = and so if we assume condition (i) we must have 
ker$ = {0} i.e. '^C^. □ 

It is also natural to construct the following subalgebra: 

Proposition 7.13. Let {A,G,a) be a G* -action, and suppose that {C,riA,T]c) satisfies (CPl), 
(CPS') and (CP4), and that the multiplier action 77: G — > U(M(£)) is strictly continuous. Let 
P G C** be the projection from (jlO[) . Then the subspace 

4^' ■.= {AeA\ va{A) G rjc{C)MiC)rjc{C)} ^{AeA\ rjAiA) = PvAiA)P} 

( 

is a closed two-sided ao-invariant ideal of Ac- Moreover, the action a'': G ^ Aut(77^(^g )) 

( c) 

defined by a^{riA{A)) :— riA{ag{A)), A G is strongly continuous. 

Proof. Any A G Aq^^ must satisfy rjAiA) — PriA{A)P, hence by Proposition I7.9f i) it is clear 
that it is in Ac- Conversely, if an A G Ac satisfies riA{A) ~ PriA{A)P then it must be in Aq^'' 
because 7]AiA'^^^) ^ M{C)c n rjA{A) = PC**P n r]A{A), thus A^f"^ is precisely the elements 
of Ac satisfying riA{A) — PriA{A)P. Since Ac is in the commutant of P, it is clear that 
A.C ■ A^f"^ = Aq^^ hence that A^f'^ is a closed two-sided ideal of Ac - That A^^^ is ac-invariant 
follows immediately from the fact that both riA{Ac) and M{C)c are ac-invariant subalgebras of 
M{C) w.r.t. the extended action (cf. Proposition l7.9r iv') and Remark l7.6p . The strong continuity 
of a'' also follows immediately from the strong continuity on M{C)c (cf. Remark l7.6p . □ 

Whilst the ideal ^Iq^^ has very nice properties, below we will see in Example 19. II that it can 
be zero, even when Ac = A. 

Example 7.14. Wc want to obtain the restricted crossed product {Cc,VatVc) explicitly in an 
example. We continue Example 15.111 and recall the details. Let "H be an infinite-dimensional 
separable Hilbert space, A :— B{H), G := M., £ = G*(M), H be an unbounded selfadjoint 
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operator, Ut := e'*" and at{A) := UtAU; . Then a is not strongly continuous (Proposition lS.lO] ). 
Moreover (tt, U) £ Rep£(a,'H) where tt is the identical representation Tr(A) = ^ of ^. We have 
Uc{C) = {hiH) I h e Co(R)} = C*{{il - H)-'^). We showed that (tt, U) e Rep^(a,-H) if and 
only if (il-H)-^ eIC{H). 

Choose an H so that (tt, [/) ^ Kep^{a,H), i.e. one point in the spectrum of H is not 
in its essential spectrum, hence Uc{C) contains noncompact elements. By definition C = 
C*{'it{A)Uc{C)) C Bin) = tt{A) = Vj^iA) and as rij,{A) C M{C), we see that C is a closed 
two-sided ideal of B{7i) and as it contains noncompact elements, we must have C = B{H) = 
Tr{A) = r]j[{A). Now Cc :— ric{^)Cr]c{^) — U c{C)B{^)U c{C-) is an hereditary subalgebra of the 
von Neumann algebra S('H) = C. (As (tt, U) £ Rep^{a,'H), hence Uc{C.) is nondegenerate, the 
strong closure of C£ is B{H)). Notice that as Cc is hereditary in B{H), it contains all projections 
which it dominates, e.g. it contains the spectral projections P[a, b] of H (in fact it is the closed 
linear span of its projections by |Mu901 Cor. 4.1.14]). 

By Definition 17.81 Ac is the idealizer of Cc in A, and we know it is proper by (tt, U) ^ 
Rep^{a,'H). In this case we have Cc C Ac as all algebras are contained in A, and it is clear 
that Cc is an ideal of Ac- Moreover (cf. Proposition 17. 13p . here we have .4q''''' = Cc- We want 
to express Ac directly in terms of the properties of H. From Proposition l8.2f iii) below, we have 
that 

Ac = {AeA \ \imrjAiatiB))vc(.L) = j^a{B)vc{L) for all i G £ and B € {A, A*}]. 

If p e Rep£(C,'H) is the (faithful) defining representation of C, obtained from {tt,U), then by 
applying it to the last characterization of Ac we see: 

Ac ^ {AeA \ \unUtTTiB)U-tUciL) ^ ti{B)Uc{L) for all L e £ and B e {.4, A*}) 

= {A(^A \ lim {Ut - 1)ti{B)Uc{L) = for all i e £ and B e {A, A*}] 

= {A(^A\ lim - l)7r(B)t/£(L) = for ah L e £ and B e {A, A*}} 

where in the second equality we used the fact that t — > U -tU c{L) is norm continuous and that 
{Ut) is bounded, and in the last equality we used Lemma lAlT ii) (c) . 

To obtain the restricted crossed product {C'^,r]\,rf£) for {a \Ac, £), note that 

Cl C*{7^c{C)riA{Ac)) CCc = vc{C)Cvc{C) - Uc{C)B{n)Uc{C) < Ac 

where the last relation indicates inclusion as a closed two-sided ideal. Since the C*-algebra 
contains ric{C)Cc = Cc it follows that C^ = Cc = Uc{C)B{n)Uc{C). 

Remark 7.15. In a physics context, the group homomorphism a: G — > Aut(y^) represents a 
physical transformation or symmetry group acting on the field algebra A, the choice of host 
algebra {C,ri) for G is a constraint specifying the type of unitary representations allowed to 
implement a, and a given (tt, C7) € Rep£(a,?^) is a representation with an important physical 
interpretation which the system should preserve. In this case Ac is the algebra of observables 
which are compatible with these constraints, so physical observables are required to be contained 
in it. Then by Proposition 17. Ill the restricted system (a [Ac, £) has a crossed product host, 
(C£, 77^, 77£), i.e. (tt \Ac, U) is a cross representation for it. 

8 Crossed products for discontinuous actions 

In this section we consider the special case where G is a locally compact group, the host algebra 
is £ = G*(G), and the action a: G — > Aut(y^) need not be strongly continuous. This is an 
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important case for physics, and has already been analyzed with different tools by Borchers jBo96[ 
[Bo84] . 

For the standard case, where the action a is strongly continuous, the usual crossed product 
algebra .4 Xq G is a crossed product host fExample I4.3p . For the case of discontinuous actions, 
we have already seen in Examples [531 and l5.12l that crossed product hosts can exist, and we will 
see more examples below. Although the multiplier action of G on any crossed product host C is 
strictly continuous (cf. Remark l4.2f a)'). the fact that rij({A) C M{C) need not be contained in C 
leaves room for discontinuity for the action of G on A. We will see below in Corollary 18.41 that 
a weaker form of continuity for a is still required for the existence of a crossed product host. 

The following lemma will be needed below. 

Lemma 8.1. Let J- be a unital C* -algebra, G be a topological group, rj: G ^ U(J^) be a group 
homomorphism and OLg[F) :~ vi9)-l^vi9)* fof F ^ T . Let B £ IF satisfy lim ri{g)B — B. Then 
for an A (z F we have lim ri{g)AB — AB if and only if lim ag{A)B = AB. 

Proof If \iinag{A)B = AB, then 

ri{g)AB - AB = ag{A)B - AB + ri{g)A{B - v{g'^)B) 
follows from ||77((7)yl|| < ||A||. Conversely, if lim r]{g)AB — AB, then we similarly obtain 

ag{A)B - AB = ri{g)AB - AB + r]{g)A{r]{g-^)B - B) ^ 0. □ 
We first want to characterize Ac directly in terms of the action a: G — > Aut{A). 

Proposition 8.2. Let [C, rj) be a host algebra for a topological group G such that the multiplier 
action rj: G ^ U(Af(£)) is strictly continuous and let {A,G,a) be a G*-action for which we 
have a triple {C,r]^,r]c) satisfying (CPl), (CPS') and (CP4). We define Ac as above. Then the 
following assertions hold: 

(i) The subspace ric{C)C is contained in the closed right ideal of C: 

{G e C I lim [/""(g) • p„(G) = p„(G)}. 

(ii) For A ^ A we have rij^{A)rjc{C) C Cf if and only if for each L £ C the map 

G^C, g ^ f]A{ag{A))Tjc{L) 

is continuous. 

(iii) Ln addition, let G be locally compact and C — C*{G). Then ric{C)C = and 

Ac^ {AeA \ lim riA{ag{B))r]c{L) = r]A{B)r]c{L) for all L e C and B e {A, A*}]. 

Proof, (i) follows from the strict continuity of the multiplier action rj: G ^ U(M(£)) via 
U''"{g)-pu{vc{L)G) = UP-[g)-[puOiic){L)-pu{C) = {pu07ic){v{9)L)- Pu{C) for L e £, G G C. 
(ii) If i-jA{A)i]c{L) e , then the map 

G ^ C, UP"ig) ■ pu{vAiA)r]ciL)) = (p„ o 77^)(ag(A)) • (p„ o Tjc){vi9)L) 

is continuous at 1. Since g i-> ric{ri{g)L) is continuous at 1, it follows that the map 

G^C, g ^ iu{ag{A))r]c{L) 
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also is continuous at 1 using the fact that p„ is faithful (cf. Lemma ISTTj) . 

If, conversely, the latter map is continuous at 1, then by Lemma [8.1l we get that ri^(A)ric{L) G 

(iii) From Proposition l7.2f iii) and (iv) we get the covariant pair {pu o 77^, If "') € Rep£(a, Hu) 
hence that Pu{C) = C*((p„ o rij[){A) ■ {pu ° t]c){C)). In view of (i). Lemma [OT b') entails that 

= ric{C)C. The assertion on Ac now follows by combining this with (ii), using Proposi- 
tion EHii). □ 

Remark 8.3. Note that in the case of Proposition 18. 2r iii). Ac contains the well-known subal- 
gebra 

Ac:= {A<E A \ lim a„(A) = A}, 

though Ac can be strictly larger. In the case that 77^ is faithful, the containment Aq^'^ C Ac is 

( c) 

usually proper, e.g. if A is unital, then the identity is in Ac, but not in . 

Corollary 8.4. Let G he locally compact, C ~ C*{G), and {A,G,a) be a C* -action. If 
{C,rij(,ric) is constructed from the universal covariant C-representation of {A,G,a), then the 
following are equivalent: 

(i) A full crossed product host exists. 

(ii) limg^i 7]Aio^giA))r]ciL) = rij^{A)ric{L) for A ^ A and L ^ L. 

(iii) The conjugation action of G on C is strongly continuous. 

The conditions imply that the maps G — > AI{C),g — ?• r]^{ag{A)) are continuous w.r.t. the 
strict topology of C for all A Cz A. If A is unital, then (i)-(iii) are equivalent to 

(iv) For every A £ A, the map G — ?■ M(C),g ^ rij^(ag{A)) is strictly continuous. 

Proof. By Proposition 18 . 2f iii) . condition (ii) means that A = Ac, and by CoroUarv 17. lOf ii) . in 
the current context, this is equivalent to the existence of a full crossed product host, i.e., (i) and 
(ii) are equivalent. 

Since multiplier action of G on £ is strictly continuous, the same holds for the conjugation 
action of G on C, which is a linear action by isometries. Therefore the limit of ri_4^{ag{A))ric{L) 
for (7 — >■ 1 exists if and only if the limit of 7]j^{ag{A))ric(j](g)Lrj{g)^^) for g — !■ 1 exists, and 
in this case the two limits coincide. Since C is generated by r/_4(yl)r/£(£), the latter condition 
means that the conjugation action of G on C is strongly continuous. Therefore (ii) and (iii) are 
also equivalent. 

Assume (i). Then C = Cc = vc{^)Cvc{C) by Corollary (HUl and so lim 77^(a„(A))G = 
rij\{A)C for all A e ^ and G G C by (ii), i.e. (iv) holds. Conversely, if A is unital, then by 
Proposition I7.2f iv) we have that ri^{l) = 1, and hence r]c{C) C r]c{^)''lA{-^) C C, so any net 
{B\) C M{C) which converges strictly to S e M{C), will also satisfy limB\ric{L) — Brjc{L) for 
all L e £. This gives the sufficiency of (iv) by setting B\ — rjj^iag^ (A)) where {g\) C G is a net 
converging to 1. □ 

Remark 8.5. For the construction of the crossed product in the conventional sense, one requires 
strong continuity of the action, i.e. lim ag{A) = A for all A G A. Here we see that to obtain a 

full crossed product host, we simply replace this by condition (ii) in Corollarv l8.4l Or, for unital 
A, we replace the strong continuity of a on by the requirement of the continuity of the maps 
G — > M{C),g I— > ag{A) w.r.t. the strict topology. 
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In the case of a one-parameter group, i.e. G = K, £ = C* (K), we can obtain more information 
from Proposition 18.21 

Corollary 8.6. For G = R and L = C*(M), let (yt,R, a) be a C*-action for which we have 
a triple {C,riji,ric) satisfying (CPl), (CPS') and (CP4)- For a Hilbert space %, consider the 
injection (cf. Proposition \ 7. i3( iv ) ): 

7?;: Rep£(C,H)^Rep£(a,H), given by ry* (p) := (po ry^, (tt", . 

Let p G Rep£(C,'H) be faithful, and denote the spectral measure of If, resp., its infinitesimal 
generator by Pp . Then an A Cz A is in Ac if and only if 

lim Pp{[~t,t])TTP{B)Pp{[~s,s]) = 7rP{B)Pp{[-s,s]) for all s £ M+ and B e {A, A*}. 

t—^OO 

Proof. As p G Rep£(C,'H) is faithful, its extension p to M{C) is faithful. As we have 

Ac^{AeA\ r]A{B)vc{C) C f^c{C)C for B e {A, A*}} 

(cf. Proposition 17. 9f ii)). and the condition takes place in M{C), we get that 

Ac = {AeA\ ttP{B)UP.{C) C UP{C)p{C) for B e {A, A*}}. 

Since p is an £-representation of C, we have nP{B)U^{£) C U^{£)p{C) C U^{C)B{'H). On 
the other hand, if ttP{B)U^{C) C U^{£)B{'H), then as the left hand side is in p{C), we get 
TrP{B)U^{£) C UP{£)B{H) D p{C) = p{r]c{C)C). Thus ttP{B)UP{£) C UP{C)p{C) if and only if 
7TPiB)UPiC) C UP{C)Bin). 

In Lemma|XTl;ii)(c), it is shown that, for D e B{H), the condition DU^{C) C U^{C)B{H) = 
B((H.)^ is equivalent to 

lim P{[^t,t])DP{[^s,s]) = DP{[-s,s\) for aU s > 0. 

By substituting D = TrP{B), we obtain the claim of the corollary. □ 

Remark 8.7. An application of this Corollary to Example l7.14l produces the convenient formula 

Ac = {Ae B{H) I (Vs e R+) lim P{[-t,t])AP{[-s,s]) ^ AP{[-~s,s])], 

to calculate Ac in the identical representation of ^ — B{H). 

Definition 8.8. With Borchers we write A* for the closed subspace of the topological dual 
A* of A, consisting of all elements ip G A* for which the map G — ?> A* ,g H> f o ag is norm 
continuous. 

Now A* is a fohum, i.e., the predual of a VF*-algebra (cf. |Bo96[ Thm. II.2.2] and |Bo93] V 
A folium in A* determines a representation of A such that the folium is the set of normal 
functionals of the representation, and this representation is unique up to quasi-equivalence (cf. 
|KR86[ Prop. 10.3.13]). In fact, Borchers shows in jBo83l Thm. III.2] that Al is the folium 
of functionals associated to a covariant representation of {A,G,a). We can now identify that 
representation in our picture: 

Proposition 8.9. Let {A,G,a) be a C* -action, let C be a full host algebra for G for which 
the multiplier action rj: G — U(M(£)) is strictly continuous. Let the triple {C^r]j^,ric) be con- 
structed from the universal covariant C-representation {itu,Uu) € Rep£(Q;, "Hu), where C :~ 
G* {7Tu{A)Uu,c{^)) , o,i^d rjj( and rjc are defined as in Theorem \5.1]f b). We also recall Cc ■= 
Vc{C)Cfjc{C)cC. 
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(i) Then there is a continuous surjection v : [Cc)* A* given by i'{(p){A) := \im ip (^P riA{ A) FjP^ 

for A Cz A, if £ {Cc)* , where (Fj) is an approximate identity of Cc and P is the projection 
from PH]) . 

(ii) A* is the predual of t:^{A)" C B{'Hu) where (7r„,J7„) g Rep£(a,'H„) is the the universal 

covariant C-representation. 

Proof. Since {C,rij[,ric) is constructed from a covariant £-representation it satisfies condition 
(CPS') as well as (CPl) and (CP4). Thus by Proposition 17. 2f iv) all /^-representations of C are 
covariant and produce covariant pairs (tt, C/) G Rep£(a,'H) for some H by Proposition 17.2^ 111) . 
An /^-representation p of C is uniquely determined by its restriction to Cc = rjc{C)Cric{C) via 
the relation 

p{C) = s-\ima-\imp{ric{Ei)Cric{Ej)), C £ C, for any approximate identity (Ej) of C. 

i j 

Thus the /2-represcntations of C are unique extensions (on the same space) of representations of 
Cc, and each of these produce a covariant pair (tt, U) G Rep£(a, H) and tt{A) U U{G) C p{Cc)" ■ 

(i) As Cc = ric{C)Cric{C) = PC**P n C is a hereditary subalgebra of C, it has the unique 
extension property for positive functionals, which implies that the map ^ : [Cc)* — >■ C* by 
^((/?)(C) := (p{PCP) for C G C is a linear injection which is isometric on the selfadjoint func- 
tionals by Lemma fB.ll Since C is a closed two-sided ideal in M{C), it is hereditary also in M{C), 
so again positive functionals extend uniquely (with the same norm), producing another linear 
injection C : C* -> M{C)* by C{ip)iM) = \iraip{MFj), M € M(C), which is isometric on the self- 
adjoint functionals. The restriction of functionals on M(C) to r]^{A) is a linear norm-reducing 
map. The composition of these three maps is v : (Cc)* — >■ A* , and it is clear that it is linear and 
norm continuous on the selfadjoint part of (Cc)* ■ We have to establish that its range is A*. 

Recall from Remark 17.61 that there is an action 7: G Aut(Af(C)) which preserves C, 
riA{A) and rjc{C) and satisfies 7(5) o r;^ — rjy\^o ag for g G G. It also preserves M{C)c hence 
Cc = M{C)cr\C and defines a strongly continuous G-action on Cc- Since the GNS-representation 
of each state of Cc is covariant by the observation above, it follows that 7 defines a strongly 
continuous action on the Banach space (Cc)* ■ Since the maps defining z/ are all covariant w.r.t. 
7, it follows that 1^ is covariant w.r.t. 7 hence that its image consists of functionals with norm 
continuous orbit maps w.r.t. 7. Since the restriction of 7 to 77,4 (y^) is compatible with a, this 
implies that the image of v is a-continuous, i.e. ^(^{Cc)*) C A*. 

For the converse inclusion, recall from Borcher's Theorem |Bo83[ Thm. III. 2] that A^ is the 
folium of functionals associated to a covariant representation (tt, t/) S Rep(a,'H). As /3 is a 
full host algebra, we have in fact that it is a covariant /^-representation. We thus obtain an 
/^-representation p of C, hence of C£, and it satisfies 

p{VA{A)vciL)) ^ 7r{A)UciL) for A e A, L e C. 

Since by Proposition I7.2f v) the map 77* : Rep£(C,'H) — > Rep£(a,'H) by ry^ (p) •= {P ° VA^U^) 
is injective, we get p o 77,4 = tt. Thus the normal states of tt are the unique extensions of the 
normal states of p restricted to Cc, hence these are in the range of v. Thus by linearity the 
whole predual of tTu{A)" is in the range of i^, and as the predual of 7r,((yl)" is A*, we conclude 
that we have the converse inclusion, hence v(^{Cc)*) = A*. 

(ii) The universal representation oi Cc produces the universal /2-representation pu, and by 
Lemma mi we have r]*^{pu) = (p« o J?^, t^''") = (7r„,[/„). By Proposition I7.2r iii). the repre- 
sentation TTu ^ Pu ° VA of A is nondegenerate. Moreover nu{A) U Uu{G) C Pu{Cc)" , and the 
predual of Pu{Cc)" is {Cc)* (cf. |Bla061 Prop. III.5.2.6]). The map v : {Cc)* ^ Al in the 
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previous part is just the restriction of the normal functionals of Pu{Cc)" to ■nu{A) C Pu{Cc)", 
hence A* = i^HCc)*) = PuiCc)': \ ^n(^) = MA)': because PuiCc)': r^n(-4)" = 7r„(^)t' and 
normal functionals of 7r„(yl)" are uniquely determined by their restrictions to 7r„(^). Here we 
used the fact that if A/" C 7W is an inclusion of von Neumann algebras, then AC — M^l J\f 
( |Mu90l Thm 4.2.10]) to extend normal functionals on Af to normal functionals on Ai. □ 

9 Examples 

We have already seen in Examples 15.91 and 15.121 that crossed product hosts can exist for discon- 
tinuous actions. Here we want to develop further examples. 

We will analyze examples which have an interest for the physics of bosonic particles. Let 
{X,a) be a nondegenerate symplectic space over R, and let Sp(X, cr) denote the group of sym- 
plectic transformations of it. The quantum system based on this has field algebra A being 
either the Weyl algebra A(X, a) (cf. |Ma68| and Example 16.111 above ) . or the Resolvent algebra 
TZ{X,a) (cf. I BGOSj ). Both are defined through generators satisfying a set of the relations. Let 
{Sx I X e X} (rcsp. {R{X,x) | x G X, A e R^} ) denote the generators of A(X, a) (resp. 
TZ{X,a)). Then we define an automorphic action cx : Sp(^, fx) — y Aut(w4) by (irp{dx) '• — ^t{x) 
(resp. aj,{R{X,x)) := R{\,T{x)) for T e Sp(X, ct). In the following we will be interested in 
particular one-parameter subgroups of Sp(X, ct) whose corresponding action a is not strongly 
continuous. 

Example 9.1. (A free quantum particle in one dimension - Weyl algebra) 
Let X — with symplectic form (7((a;i,?/i), (0:2,2/2)) = xiy2 — X2yi and fix the symplectic 
basis {p,q) = ((1,0), (0, 1)). Let A = A(X, a) and let ir : A B{L'^{M.)) be the Schrodinger 
representation w.r.t. this basis, i.e. TT{Stp) = e'*^, TT{Stq) = e**'^ where Q, P are the usual 
operators of multiplication by x and ij^ on the appropriate domain in L^(M) =:'H. We consider 
the action a : R — ?> Aut{A) determined by 

TT{atiSx)) = e'*Q\(,5,)e-^*^' = '^(^t,(.)) teR, xeX 

where Tt{sq + rp) = sq + r{p + 2tq), s,r E K. Note that Tt E Sp{X,a), and that a Fourier 
transform converts this to the usual action of the free Hamiltonian P^. The action a is not 
strongly continuous because 1 1— > ^p+tg = o:t{dp) is not norm continuous, as \\Sx — Sy\\ = 2 if x 7^ 
y. If we take £ = C*(IR) = Co(M) then the £-representations of IR are just the strong operator 
continuous unitary representations. Thus, for Ut — e**'^ ^ the pair (tt, U) is in Rep£(Q:,'H), and 
so it defines a triple (C^tja^Vc) satisfying (CPl), (CPS') and (CP4). Now Uc{f) = f{Q^) for 
/ e L^{G), where / denotes the Fourier transform of /. Thus Uc{C) = {h{Q^) \ h e Co(M)} 
and, as the spectrum of is positive, this is clearly a factor algebra of Co(M) = C*(M). Hence 
Vc — Uc is not faithful though 7^,4 = tt is faithful (as A is simple). Next, we want to determine 
the algebra Ac C A. By Proposition I7.9f iv) we already have that Stq £ Ac- To check whether 
A — Sfp Cz Ac, we consider the condition 

\\{vc{Ej) - l)ru{A)vciL)\\ ^ for all L e £ 

from Proposition 17. 9f iii). Consider the approximate identity (i?„)„gN of Co(M) = C*(R) where 
En is a smooth bump function which is 1 on [—n,n\ and zero outside [—n— l,n + l]. Let 
U£(i) = f{Q^) for some / G Co(R). Then 

VA{A)r,c{L) = e**^/(g^) = /((Q - tlf)e^'^ e {HQ) \ h e Co(R)} • e**^ 

and so 

\\{l^c{En)~l)vAiA)rJciL)\\ = \\{E„{Q') - l) f{{Q - tl)')e''P\\ ^ . 
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Thus 5tp E Ac and as A is generated as a C*-algebra by Stq and 6tp for all t, it follows that 
Ac = A, hence that (tt, [/) is a cross representation for (a, £). Note that the ideal Aq^^ 
from Proposition 17.131 is zero as A is simple, and the action a is not strongly continuous. 
Moreover, by irreducibility tt determines the implementers U : M. ^ U(?£) up to a T-valued 
muhiplier. As the second Moore cohomology T) of R is trivial ( |Var07[ Thm. 7.38]), it 

follows that the multiplier is a coboundary, i.e. the implementers can be rewritten to produce the 
representation [/ : R — > U('H) given above. The scalar factors involved leave Uc{C) unchanged, 
so the Schrodinger representation remains a cross representation, regardless of the choice of 
unitary implementers. Now any regular representation of ^ is a direct sum of copies of the 
Schrodinger representation, hence a cross representation by Lemma ISTST iii). and therefore Ac = 
A in these. 

This is one situation referred to in the introduction of Section[71 That is, from a physics point 
of view one is only interested in regular representations, so a full crossed product host will not be 
useful if it produces covariant £-representations (tt, U) G Rep£(a, T-L) for which tt is nonregular. 
Ideally one seeks a crossed product host whose universal /^-representation p„ G Rep£(C,'H„) 
produces a regular representation p„ o rj^ of A. 

Example 9.2. (A free quantum particle in one dimension - Resolvent algebra) 
We repeat the previous example, with the only difference that we replace the Weyl algebra 
A(X, (t) with the Resolvent algebra 7?.(A", ct) —: A. Thus for the the Schrodinger representation 
(which is faithful on A) we have 

TT{R{X,sq + rp)) = {iXl- {sQ + rP))~^ for r, s G R 
and TT{at{R{X,x))) = e'"^\{R{X,x))e~'"^' ^ TT{R{X,Tt{x))) for teR,xeX 

with the Tt G Sp{X,a) we had above. By |BG081 Thm. 5.3(h)], the action a is not strongly 
continuous. As above, the pair (tt, f7) is in Rep£(a,'H), and so it defines a triple {C,rij{,ric) 
satisfying (CPl), (CP3') and (CP4). Now Ucif) = f{Q^) for / G L^{G), where / denotes 
the Fourier transform of /. Thus UciC) = {h{Q^) \ h G Co(R)} = C*{{1 + Q^y^). However 
(1 + Q2)-i ^ -(a-Q)-i(a + Q)-i = -7r(i?(l,g)i?(l,-g)) G t:{A), hence UciC) C t:{A) and 
so ric{C) C r]j\^{A) and thus C C r/^(yl). Since iia{A) C M{C) it follows that C is a two-sided 
ideal of r^AiA). By |BG081 Thm. 3.8], we have that 

lR{X,x)n{X,a)\ = ln{X,a)R{X,x)\ for aU a; G X, hence 
ivc{C)T^A{A)l = 77^(Ii?(l,<z)i^(l,-<z)7^(X,a)l) 

= 77^(I7^(X,a)i?(l,q)i^(l,-q)]) = lriA{A)iic{C)l^C 

and thus 

r]A{A)Tic{C)<^C = 7]c{C)C. 

By Proposition I7.9( ii) we therefore obtain Ac = A, so that (tt, C7) is a cross representation for 
(a, C). In this case we have for the ideal 

4"=^ ■.= {AeA\ tia{A) g r^c{C)M{C)iic{C)} = {AeA\ f^A{A) G Tic{C)r^A{A)Tic{C)} - r/ifi) 
since C is an ideal of 7] a {A) , and it is 

C = lT^c{C)r,A{A)\^^A{lR{l,q)R{l.-qmX,a)l) = lr,A{A)Tic{C)l ^ r,c{C)r,A{A)^c{C) . 
Now r}A is faithful because tt is faithful and Uc{C) is nondegenerate, hence 

Ai""^ = lRil,q)R{l,-q)n{X,a)l 
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By the analogous reasoning as in the preceding example, we find that every regular representation 
TT of is a cross representation (tt, U) £ Rep^(Q!,'H). 

Example 9.3. (The Fock representation for a bosonic quantum field). 

We continue with the setting of Example l6.11l Thus {H, a) consists of a nonzero complex Hilbert 
space H and a : H x H ^ R is (7{x,y) := lni{x,y). We take the Weyl algebra A = A(H, a), 
and the action a : Sp{T-L,a) — ^ Aut(y^) by arp{Sx) ■— St{x)- Note that U('H) C Sp('H, cr). We 
briefly recall the Fock representation np : B{T{H)). The bosonic Fock space is 

oo 

:= ®'^'H , (®"H = symmetrized Hilbert tensor product of n copies of H 

with a convention (gj^H :— C. The finite particle space J-q((H.) := spanjig)"?^ | n = 0, 1, • • • } is 
dense in For each / e H we define on J-o{H) a (closable) creation operator a*(/) by 

('^i ®s - ■■ ®s Vn) ■■= Vn + 1 S{f (8) (g) • • • (8) u„) =: Vn + lf(®s ui <8)s • • • (gs Vn 

where S is the symmetrizing operator. Define on J^o(^) &n essentially selfadjoint operator 
by tp{f) (a*(/) + a{f))/^/2 where a{f) is the adjoint of a*{f). The Fock representation 
TTp : A^ B{^F{'H)) is then defined by np{Sf) = exp{iip{f)), for all / G and it is irreducible. 
Given a strong operator continuous one-parameter group t ~^ Ut — exp{itA) e U(H), where 
A is selfadjoint, define a unitary group t — > T{Ut) C U[J^{'H)) by r{Ut){vi (g)s • • • Vn) ■= 
(UtVi (gs • • • (gs UtVn) which is strong operator continuous, with generator given on J-o{'H) by 

dT{A)[vi (g)s • • • (gs Vn) = Avi (®s V2'®s ■ ■ ■ (^sVn -\ h Wl <8)s ' ' ' (gs Wni (^s AVn- 

We then have covariance TTp{ajj^{A)) = r{Ut)TTF{A)r{Ut)* . 

In this example we want to prove that if A > 0, where zero is isolated in its spectrum, then 
{TTp,r{U)) is a cross representation for (a, C*(R)). Such systems are analyzed in |Bo96) . and 
are important for quantum field theory. 

To start, we assume first that 

(j{A) ~ o-p{A) C {riK I n = 1, 2, . . .} for some k > 0. 

Let C = C*(M), then we prove that {TTp,r{U)) is a cross representation with this choice of A. 
Now 

Uc{C) = {/{A) I / e Co(K)} = span{PA | A e kN}, 

where P\ denotes the projection on the A-eigenspace of A. As H has a Hilbert basis of eigenvec- 
tors of A, by considering the spaces P;^^^ ®s • • • H, we see that T{H) has a Hilbert basis 
of eigenvectors for dr(A), and that a{dT{A)) = ap{dT{A)) C kNq. 

Let /i e cr(dr(^)) and denote the projection onto its eigenspace. Then 

r{U)c{C) - {/(dr(A)) I / e Co(M)} = span{Pj e a(dr(A))}. 

By Lemma FA.lf iilfb). {7Tp,T{U)) will be a cross representation for {a,C*{M.)) if 

lim r{Ut) ■np{B) = T:p{B) P^ for aU B G and ^ G cr(dr(A)). 

Let B = Sf where / is a nonzero eigenvector: Af ~ A/. Let V. = Hq (BHi where Ho = C/, 
then A = A(H, a) ^ Aq (g) Ai where Ai = 'A(H~aj, i = 0, 1 (cf. [Ma681 3.4.1]). Moreover 
7r_F TTo (g) TTi on = J-iHo) (g J^iHi) where TTi : Ai — > B{J^{'Hi)) are the respective Fock 

representations with respective second quantization maps F^. Then 

T{Ut) = roiUt\no)®Ti{Ut\ni) and dT{A) = dro{A\no)®i + i®dri{A\ni). 
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Since a[dro{A ["Ho)) = {mX | m = 0, 1, . . .}, we have 

= ^{p°A®^M-mA I "i = 0-l>--- such that ^l-mXeap{d^l{A\nl))} (11) 

where denotes the projection onto the j/-eigenspace of drj(^ f^i)- a{dri{A \Hi)) C Nqk 
and A > K > 0, this sum is finite for each fi. 

M 



m=0 
M 

M 



as t — > 0, since each P^x finite rank, using Theorem 16. II Thus 

limr(t/0^f(^/)Pp =^f(<5/)P,, i.e. nF{Sf)eAc 
for all eigenvectors / of A by Proposition 17. Qf iiV As is a C* -algebra, this means that 



limr(C/t) 7rF(B) = 7rF(P) Pp for all P G C*{df \ f an eigenvector of A}. (12) 

So for this part it will suffice to show that 

TTF{C*{df\f an eigenvector of A})P^ = 7rF(yl)Pp for ah fi e (7{dr{A)). (13) 

Now P^ commutes with the projections P„ onto the n-particle spaces (as T{Ut) preserve these 
spaces). Note that as cr{A) > k > 0, each eigenspace P^J"(H) of dr(A) (which is made up of 
the spaces P^T^ (S)s ■ ■ ■ P\T~1-)j contains n-particle spaces of order at most /i/k. So by the 
finite sums above for P^ in ([TT]) . we see that P^iPn 7^ for only finitely many n. Thus it suffices 
to show that ([T2|) holds if we replace Pf^ by P„. In fact, as the eigenvectors of A span a dense 
subspace of "H, for (IT^ it suffices to prove that if u„ in H, then ||7r_F((5„„ — l)Pn|| 0. Now 
the n-particle vectors are analytic vectors for (p{f) (cf. proof of |ReSi75[ Thm. X.41]). Thus 

■^F[dv„ - 1)P„ = 2^ —^^ Pn 



k=l 



and using the estimates \\ip{v)''ip\\ < 2'=/2((n + A:)!)i/2||i;f H-f/iH if tjj e P„-F('H) (cf. proof of 
[ReSi75[ Thm X.41]) we conclude that 

.,^||^f> (2^/^((n + fc)!)V^ , f. (2'-/^((n + fc)!)V^ 

7ri^(d«„ - l)Pn|| < 2^ \\Vn\\ < \\Vn\\ 

fe=l ■ fc=l 

if ll^nll < 1. As the last series converges, it is clear that ||7ri?((5„,^ — l)Pn|| — > as w„ — > 0. We 
conclude that 

limr(C/t)^F(P)PM =^i=^(P)PM 



for all P e ^ and /i £ (Tp(dr(74)), i.e. {txf,V{JJ)) is a cross representation for (a,C*( 

Next, assume that A is a positive operator on Ti. with strictly positive spectrum ct(A) C 
[a, 00), a > 0, in the same context as above, then we want to show that here too, (7r;',r([/)) is 
a cross representation for (a, C*(M)). Given the spectral resolution A — /^(-^^ XdP{X), let e > 



and define 

Be 



Be -.^ [ fe{X)dP{X) where /e(A) = e + [A/eJe, 

Ja(A) 
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i.e. the right continuous step function with steps of size s. As || idM+ — /eHoo < £ we have 
\\A - Bell < e. However a{B^) = (jp{B^) C eN, so (7p{AV{B^)) = a{&V{Be)). Thus by the 
previous part (7ri?,r(F)) is a cross representation for (/3, C*(M)) where Vt := exp{itB^) and 
/3 : R — Aut^ is given by (3t{^v) '■= ^Vtv' ^ ~^ spectra of dr(A) and dT{Bs) 

we have 

T{U)ciC) = C*{il + dT{A))-') and r{V)c{£) = C* {{1 + dT{B,))-') 

(i + dr(^))-i-(i + dr(Se))-^ = (i + dr(A))-Mr(Be-A)(i + dr(Be))-i. 

and the factors in this last expression commute. If dr{Bg — A){1 + dr(Bg))~^ is bounded, this 
impUes that (1 +dr(Be))~^ e r{U)c{£)l3{J^{H)). Now the factors in the products above are 
positive, and commute, therefore their products are positive. Thus as < dr{Bs — ^4) < dT^Bs) 
it follows that 

< dr(B, - A){1 + dT{B,))-^ < dT{B,){l + dT{B,))-^ e 

hence dT{Bs - A){1 + dV{Be))~'^ is bounded, so 

nV)c{C) = + dr(B,))-i) c nU)c{C) B{T{H)). 

Next observe that by strict positivity <j{A) C [a, oo), a > 0, we can find an e > such that 
B^-A<A (e.g. £ < a/2). Thus by < dV^B^ - A) < dT{A) we get 

< dV{B, - A){1 + dT{A))-^ < dV{A){l + dV{A))-^ e B{F{n)) 

and so, as above, we get from the resolvent identity that 

T{U)c{C) ^T{V)c{C)B{T{H)). 

Together, these two inclusions produce: 

txf{A)T{U)c{C) c ^p{A)T{y)dC)B{T{H)) 

C T{V)c{C) B{T{H)) as (ttf, T{V)) is a cross rep. for /3 
C T{U)c{C)B{T{H)). 

Thus [iTF^^iy)) is a cross representation for (q:,C*(M)). 

Finally, we assume that A > 0, where zero is isolated in its spectrum. Decompose % = 
"Ho ® "Hi where "Ho is the kernel of A, and hence A is strictly positive on T-Li. Then as above A = 
A{n, a) ^Ao(S)Ai where A = A(Jl~a), i = 0, 1 and ttf = ttoOtti on J^{n) = J^{Ho)®T{'Hi) 
where -Ki : Ai ^ B{T{Hi)) are the respective Fock representations with respective second 
quantization maps Fj. Now Fo(f/t) = 1 so V{Ut) = l(g)Fi(f/t) hence T{U)/:{jC) = l(g)Ti{U)c{C). 
Let / = /o + /i € 'Ho ® 'Hi , then for each L G C we have 

T{Ut)MSf)nU)ciL) = 7ro(^/j0Fi(C/*)7ri(^/jri([/)z:(L) 

^ 7ro{Sfo)^^iiSn)r,{U)c{L)=7TF{Sf)r{U)c{L) 

as t — > by the previous part for strictly positive A. Thus (7ri?,r(C/)) is a cross representation 

for (a,C*(R)). 

We do not know whether {Trp,r{U)) is still a cross representation for (a, C*(IR)) if one 
assumes only that A>0. 



45 



10 Discussion 



Above, we extended crossed products to singular actions a: G — > Aut(^), relative to the choice 
of a host algebra C There is still much further to be explored, in particular, we need to analyze in 
detail crossed product hosts when we have a spectral condition included. Host algebras have been 
constructed explicitly for group representations subject to a spectral condition (cf. |Ne001lNe08j ). 
and these can now easily be included in the constructions above of crossed product hosts (work 
is in progress on this subject |GrN12j ). This naturally will have to connect with the deep work 
of Borchers |Bo96| and the spectral theory of Arveson |Ar74| which deal with these topics. 

Further directions concern the development of host algebras for non-locally compact groups. 
There are also numerous dynamical systems for physical systems which need to be analyzed to 
establish whether the representations used are cross representations or not. 

Appendix 

A Some facts on multiplier algebras 

Lemma A.l. Lei S and T be C* -algebras and {Ei)i^i be an approximate identity in S. For a 
morphism C,: S M{T) of C* -algebras, the following assertions hold: 

(i) {T e r I limC(£;,)T = T} = C,{S)T is a closed right ideal of T . 

(ii) Suppose that T = 3(1-1) and that is a non-degenerate representation of S on %, then 

(a) B{n)i ^c{s)B{n)^JC{n). 

(b) If G is a locally compact group, S = C* (G) and U : G ^ U(?^) is the unitary repre- 
sentation defined by Q, then 

B[n)'^ C(C*(G)) Bin) = {A e Bin) \ lim UgA = A}. 

(c) //, in addition, G = R, and P is the spectral measure corresponding to U , then 

B{n)f ^CiC*iR))Bin) = {AeB{n) I lim P{[-t,t])A = A}. 

Moreover, for A G B{'H), we have 

AC{C*{M.))'ZB{n)!: ^ AP{[-t,t]) e Bin)^ for each t > 0. 

Proof, (i) In view of |Pa941 Thm. 5.2.2], the subset C{S)T is a closed subspace of T and it 
obviously is a right ideal. It clearly is contained T^. Conversely, every element of the form 
C{Er)T is contained in C{S)T, so that CiE,)T T implies that T e ({5)7. This proves (i). 

(ii) (a) In view of the closedness of B{T-L)^, it suffices to show that it contains all rank one 
operators of the form A = {■,x)y for x,y (z H. Since the representation ( is non-degenerate, 
C{Ei)y y, and therefore CiEi)A A. 

(b) Since the action of G on C*{G) by left multipliers is continuous, A € ({C* {G))B{T-L) 
implies limg^i UgA — A. 

Conversely, by the fact that G acts on B{T-L) by unitary multipliers, the subspace 

B:^{Ae B{n) I lim UgA ^ A} 

9-^1 
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is closed and we thus obtain a strongly continuous representation /3{g)A = UgA of G on B. Let 
/?: L^{G) — > B{B) be the corresponding integrated representation. For / e L^{G), v,w E H we 
then have 

0if)Av,w) = f fig){UgAv,w) dg = {C{f)Av,w) for ah AeB, 
Jg 

showing that (if) A = for / e L^{G) and AeB. 

For each open 1-neighborhood V in G, let i?y = Ey > be an element of L^{G) supported 
in V with Ev{g) dg = 1. Then (Ey) with the partial order of reverse inclusion of the V, is 
an approximate identity in L^{G) and for each B G B, the relation lim l3{g)B = B now implies 

that ]im^P{Ev)B = B, and we thus obtain B C CiC*{G))B{n) = B{n)^. 

(c) For t > there exists an / e Co(M) with f{x) = 1 for |a;| < t. Then the operator P{f) 
defined by the spectral integral is contained in C(C*(]R)), and for A e B{H), we have 

p{[-t,t])A = p{f)p{[^t,t])A e ac*m)m) ^ 

Conversely, P{[-t,t]) € ^(•H)^' shows that A = limf^oo entails A e S('H)^ 

If A G i3('H) satisfies AC(C*(M)) C S(-H)^ and t > 0, then we choose / € Co(M) with 
fix) = 1 for |a;| < t. Then e AP{f)P{[-t,t]) e because is a right 

ideal. If, conversely, AP{[-t,t]) e S('H)^ holds for every t > and / e Cc(M) is supported in 
[-t,tl then = e B{n)^, and we conclude that AC(C*(G)) C B{n)^. □ 

The following theorem provides a list of characterizations of non-degeneracy for homomor- 
phisms (^■. S ^ M{T) (cf. Definition I2.1f ii)). It will be a crucially important tool for our 
constructions. 

Theorem A. 2. For G* -algebras S and T and a morphism C,: S ^ ^I{T) of G* -algebras, the 
following are equivalent: 

(i) is non-degenerate. 

(n) c(5)rc(5) = r. 

(iii) C extends to a strictly continuous homomorphism M(S) — > M(T) of unital G* -algebras. 

(iv) For any approximate identity [Eiji^i in S we have that \in\C,{Ei)T ~ T for all T G T. 

(v) (^{S)T is strictly dense in T. 

(vi) C(5)T is weakly dense in T. 

(vii) For each tt G Rep(7~, "H), the representation n o (, of S on 1-1 is non-degenerate. 

Proof (i) (ii): By [PaMl Th. 5.2.2] we have span(C(5)r) = CiS)T C T, so as CiS)T is dense, 
then r = C{S)T. Thus T ^T* = TC{S) and so T = C{S)TC,{S). 

(ii) (iii): Clearly, (ii) implies (i). Now (iii) follows from |Ne08[ Prop. 10.3], which asserts 
the existence of a unique extension M{S) — > M{T), and that ( is strictly continuous. 

(iii) (iv): For any approximate identity {Ei)iizj in S we have Ei lin the strict topology 
of M(cS), so that we obtain for any T G T that C{Ei)T = C(E^)T C{1)T = T via strict 
continuity of (. 

(iv) => (v): This implies that (^(S)T is dense in T. In particular, this implies the density in 
the strict topology, which is weaker. 

(v) (vi): We only have to show that the weak topology on T is weaker than the strict 
topology. Suppose that T!; — > T for the strict topology. Since any functional ip G T* is a difference 
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of two positive functionals, it suffices to show that if{Ti) f{T) holds for any state (p E &{T). 
Let vr; T B{T-L^) be the GNS-representation of (yS, and v £ T-L^ with (f{T) — {tt{T)v,v) 
for T £ T. Then tt is non-degenerate, hence extends to a representation tt of M (T) which is 
continuous with respect to the strict topology on M{T) and the strong topology on B{^) ( |Ne08[ 
Prop. 10.4]). It follows in particular that tt{T.i)v — ^ 7r(r)w, and hence that ip[Ti) — <p(T). 

(vi) (vii): For tt G Rep(T, "H), let u G H and assume that ■n{(^{S))v = {0}. We have to 
show that V = Q. Let <yj(T) {tt{T)v,v) be the corresponding positive functional on T. Then 

(p(C(5)r) = (^(C(5))^(r)z;,z;) = {7T{r)v,n{C{S))v) - {0}, 

so that the weak density of C{S)T in T implies that (p = 0, and hence that v — because tt is 
non-degenerate . 

(vii) (vi): Let (S'i)ig/ be a symmetric approximate identity in S. Since each element of 
T* is a difference of positive functionals, it suffices to show that (p(({Si)T) — > if{T) holds for 
each T E T and each positive functional (p E T* ■ 

Let tt: T — >■ B{y.^) be the GNS-representation of (p, and w G Tiip with (p(T) = {■jt{T)v,v) 
for T G T. Then tt is non-degenerate and (vi) implies that f3 :— tt o is non-degenerate. This 
implies that l3{Si)w — > w for every w E H because the set of all elements for which this is the 
case is a closed subspace containing the dense subspace (3{S)H. We conclude that 

^{C{S,)T) = {l3{S^)n{T)v,v) ^ {n{T)v,v) = ^(T). 

(vi) =^ (i) follows from the general fact that a subspace of a locally convex space is weakly 
dense if and only if it is dense (cf. [Co97l Thm 1.4, Ch. V]). □ 

Remark A. 3. If ^(5) is strictly dense in M(T), then, for each T G T, the closure of C('5)r 
contains T. In particular, C is non-degenerate. In this case it would make sense to call the pair 
(T, C) a- host algebra for S because, for each Hilbert space H, we obtain an injective map 

C* : Rep(r, n) Rep(5, H), tt ?F o C. 

Lemma A. 4. Let S be a C* -algebra and {Sj)j£j be a approximate identity. Then for every 
homomorphism tt: 5 — > B{'H) the net'K{Sj) converges strongly to the projection onto the essential 
subspace 

Hess ■■^{vE'H\ tt{S)v = {0}}-^ = span(7r(5)-H) = T:{S)n. 

Proof. First we note that the last equality follows from |Pa941 Th. 5.2.2]. 
Since {Sj) is bounded, the subspace 

•He := {w G H I 7r(5j> -> w} C span(7r(5)-H) = t:{S)H 

of % is closed. Clearly, it is contained in Hess- From Tr{S)T-L C He we therefore obtain He — Hess- 
On the other hand, we have tt{S)v = {0} for v E H^. This proves the lemma. □ 

Proposition A. 5. //C: 5 — > A/(7~^ is a morphism of C* -algebras and (Ej)j^j is an approxi- 
mate identity in S, then the following assertions hold: 

(i) Ts ■— C('5)TC('5) is a S-biinvariant C* -subalgebra of T . It is maximal with respect to the 
property that the corresponding morphism 

C}:S^M{Ts). CHS)T:=aS)T 

is non-degenerate. 



48 



(ii) Ts is a hereditary suhalgehra of T ■ 

(iii) In T** the weak limit P :— lini^(£'j) exists and satisfies 

Ts = PT**P n T and PT** n r = C{S)T. 

Proof, (i) Note that Ts = {T e T \ C{Ej)T -> T and T({Ej) -> T}. From this description 
and the boundedness of (Ej ) it follows easily that 7s is a closed *-subalgebra of T. 
Since Ts is 5-biinvariant, we also obtain a homomorphism 

C^:S^M{Ts), CHS)T -.^ CiS)T 

of C*-algebras. The definition of Ts shows that C}{Ej)T T for T e Ts, so that Ts = 
(^{S)Ts- We conclude with Theorem I A. 2 1 that (^^ is non-degenerate. If To C T is another 5- 
biinvariant C*-subalgebra for which the corresponding map C,'^ : S M{To) is nondegenerate, 
then CHEj)T T for T e %, so that % = CHS)To = CiS)Ta. Then % ^ %* ^ ToC{S) hence 
To = C{S)ToC{S) C ({S)TC{S) ~ Ts- Thus Ts is maximal in the claimed sense. 

(ii) A subalgebra TB C T is hereditary if T^TTB C To f |Mu901 Thm. 3.2.2]). This condition 
is trivially satisfied for Ts- 

TsTTs = aS)TC{S)TC{S)TC{S) c C{S)TC{S) - Ts- 

(iii) We consider the enveloping W^*-algebra T** of T, which coincides, as a Banach space, 
with the bidual of T and note that M(T) is a C*-subalgebra of T**- We realize T** as a 
von Neumann algebra on some Hilbert space TL. Then Lemma IA.4I implies the existence of a 
projection P := \im Ej G T** (weak limit) such that the range of P is the essential subspace for 
S in any non-degenerate representation of T- 

For any T S Ts we now find that TP = PT = T. Suppose, conversely, that T E T satisfies 
PTP = T. We claim that T e Ts- As \imEjT = PT = T holds cr(r**, r*)-weakly in T**, is 
also holds (t(T, T*)-weakly in T- This implies that T is contained in the weak closure of the 
norm closed subspace 

CiS)T ^ {T e T \ CiEj)T ^ T}. 

Since closed subspaces of Banach spaces are also weakly closed (cf. jCo97[ Thm 1.4, Ch. V]), we 
obtain T £ C{S)T- Likewise TP ^ T implies T e TC{S), so that T £ C{S)T(;{S) = Ts- This 
proves the identity 

Ts = PT**PnT- 

To verify that PT** HT = C{'S)T, note that both sides are closed right ideals of T and the 
corresponding hereditary subalgebras 

c(5)r n (c(5)r)* = c(5)r n rc(5) = asmis) 

and 

{PT** n r) n {PT** n T)* = PT** n t**p n r = pt**p n T = Ti 

coincide. This implies that PT** DT = C{S)T ( \Mum Thm. 3.2.1]). □ 

Remark A. 6. P is called the open projection of Ts hi Pedersen's terminology, cf. |Pe89[ 
Prop. 3.11.9 and 3.11.10]. 

The preceding proposition has an interesting consequence for the connection between rep- 
resentations of S and T- Each non-degenerate representation n: Ts ^ B{'H) defines a non- 
degenerate representation tt o (^f of 5 (Theorem IA.2P , but since every state of Ts has a unique 
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extension to T (Lemma IB. every cyclic representation of Ts embeds into a cyclic representa- 
tion of T. 

Conversely, if u is a cyclic vector for a representation tt of T, then the closure of 
<Ts)v = i(C(5))^(r)^(C(5))« = Pi(C(5))7r(r)i(C(5))Pt; C P'k{T)Pv 
is the representation space of a cyclic representation of T^. 

Lemma A. 7. A representation tt: — > B{'H) of a C* -algebra A is non-degenerate if and only 
if it is non-degenerate as a homomorphism A — > M{K,{'H)). 

Proof. If the representation of .4 on "H is non-degenerate and {Ai) is an approximate identity 
in A, then ■n{Ai)v — >■ v holds for every v € H and hence ■K{Ai)F — >■ F for every finite rank 
operator F on T-L. Since the finite rank operators form a dense subspace of JC{T-L), it follows that 
n{A)IC(n) is dense in IC(n). 

If, conversely, Tr{A)IC{T-L) is dense in /C('H) and v G then Tr{A)v = {0} implies 

(7r(^)/C(H)w, f ) {0} 

and hence that {JC{T-L)v,v) = {0}, which leads to u = 0. This means that tt is a non-degenerate 
representation. □ 

Lemma A. 8. Let G be a locally compact group, S :~ C*{G), T be a C* -algebra and rjo - G ^ 
U(M(7~)) be a homomorphism. We write Tc for the closed right ideal of T consisting of all 
elements T for which the G-orbit map G T ^ rjG{g)T is continuous. Then there exists a 
non-degenerate homomorphism r/5 : 5 — > M{T) which is compatible with rjQ in the sense that 

TjG{9)vs{S)T^r^s{9S)T for SeC*{G),TeT (14) 

if and only if T — Tc. 

Proof. Since the canonical homomorphism rj: G M{C*{G)) is strictly continuous (G acts 
continuously by translations on L^{G)), ([T4l) implies that ris{S)T C %■ We conclude that 
T = Tc whenever rjs is non-degenerate. 

If, conversely, T = %, then the strong continuity of the G-action {g, T) i-> r]G{g)T on T leads 
to a morphism L^{G) — > M{T),f Jg f (9)^0(9) dg of Banach-*-algebras and the universal 
property of G*(G) = S further implies the existence of an extension 775 : 5 — > M{T) satisfying 
(jl4p . If {Sj)jej is an approximate identity in L^{G), then the continuity of the G-action on T 
implies r^Q{5j)T — >■ T for every T € T, and therefore 775 is non-degenerate. □ 

B Functionals and hereditary C*-subalgebras 

Lemma B.l. Suppose that B is a hereditary subalgebra of the C* -algebra A. Then each positive 
functional (p on B has a unique positive extension Lp to A with \\Lp\\ = \\lp\\, and this assignment 
extends to a linear embedding 

B* ^ A\ 

with ip\B = ip for if (z B* which is isometric on the real subspace of selfadjoint functionals. 

Proof. Any selfadjoint ip £ B* (the topological dual) has a unique (Jordan) decomposition 
= — </3_ with (p± positive and \\(p\\ = \\(p+\\ -\- Wf-W (cf. |Pe89[ Thm. 3.2.5]). 
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According to |Mu90| Thm. 3.3.9], each positive functional Lp E B* has a unique extension Lp 
to A with the same norm. Furthermore, if {Bj)j^j is an approximate identity in B, then 

ip{A) ^lim(p{BjABj) for A e A. 

Since the positive functionals span B*, it fohows that the hmit on the right hand side exists for 
every ip B* and every A G A. Moreover, for the Jordan decomposition ip = ip^ — ip-, we 
obtain 

if+r- if-T 

with (cp±)~positive and ||(</3±ni = ||';5±||. This imphes in particular that ip is continuous with 

ii^ii <ii(^+ni + ii(^-ni = ii<p+ii + 11^-11 = 11^11. 

As ip extends (p, we also have \\(p\\ < \\ip\\ for trivial reasons, hence equality. We also derive from 
the uniqueness of the Jordan decomposition that (p± = (</5±)~ □ 

C Regularity properties of unitary group representations 

Definition C.l. (a) For a continuous unitary representation {U,H) of the compact group G, 
we write H = ©^gg'Hjr for the isotypic decomposition, i.e., the representation on the subspace 
■Htt is a multiple of the irreducible representation n. The 

Spec(?7) :={7reG:-H^7^{0}} 

is called the spectrum of U . In other words, Spec(C/) is the set of equivalence classes of the 
irreducible unitary representations which are contained in the direct sum decomposition of U . 
We say that U is of finite multiplicity if, for every V £ G, the corresponding multiplicity 
dim Homo ( V, is finite. 

(b) Let G be a locally compact abelian group and G = Hom(G, T) be its character group, 
endowed with the topology of uniform convergence on compact subsets of G. For a continuous 
unitary representation (U,'H) of G, we define its spectrum Spec(C/) C G as the support of the 
corresponding spectral measure P, i.e., as the set of all those characters x € G with the property 
that every open neighborhood of x in G satisfies P{U^) ^ 0. 

C.l Abelian groups 

Lemma C.2. A continuous unitary representation of the locally compact abelian group G is 
norm continuous if and only if Spcc(C/) C G is compact. 

Proof. Using the spectral measure P oi U and the notation g{x) '■= x{g) for 5 £ G, x G G, it 
follows that the representation U can be written as Ug = U{^), where 

U: Go(Spec(t/)) ^ 6(H), / ^ P{f) - / /(x) dP{x) 

JSpcc{U) 

is given by the spectral integral. Since U is an isometric embedding, it suffices to show that, for 
a closed subset E C G, the map 

/3:G^Go(S), 5^/5(g)(x)=?(x)=x(5) 

is norm continuous if and only if S is compact. As \\g\Y: — l||oo = sup^gj; Ix(ff) ~ ^^ the norm 
continuity of (3 is equivalent to the equicontinuity of S. According to jHoMoQSl Prop. 7.6], the 
equicontinuity of the closed subset S C G is equivalent to its compactness. □ 
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Lemma C.3. Let {11,1-1) be a continuous unitary representation of the locally compact abelian 
group G and Uc*(g)- C'*{G) — > B{'H) be the associated integrated representation. Then 

Uc'(G)(C*(G))<ZK{H) 

if and only if the spectral measure P of U is a locally finite sum of point measures with finite- 
dimensional ranges. 

For G — M. and Ut = e**'^, this condition is equivalent to the compactness of the resolvent 

iA + iiy\ 

Proof. Suppose first that Uc'(g){C* {G)) C jC{'H). Recall that, for each selfadjoint compact 
operator, all eigenspaces for eigenvalues A 7^ are finite-dimensional. As Uc*{g){C*{G)) 
acts nondegenerately, the intersection of the zero-eigenspaces of all selfadjoint elements of 
Ug*{g){G* {G)) is zero. It follows easily that T-L is an orthogonal sum of t/(G')-invariant finite- 
dimensional subspaces. Since G is abelian, T-L \s a. direct sum ®^^qHx '-'^ G-eigenspaces. 
Now G*{G) = Go{G) 3 f acts in this decomposition by multiplication Uc'{G){f )i'^x) ~ /(x)^x' 

e Hx, so the compactness of all these operators implies that all projections P({A}) have 
finite-dimensional range and that, for each compact subset C C G, at most finitely many spaces 
T-L^, X G G, are non-zero. Therefore P is a locally finite sum of finite rank projections. 

Suppose, conversely, that P is a locally finite sum of finite rank projections. Let / € Cq{G) ^ 
G*(G) and e > 0. Then E := {x ^ G: > e} is compact, so that there exist Ai, . . . , e G 

with P{E) = P({Ai}) + • • • + P{{Xk}). Now P{E) is a finite rank projection commuting with 
Uc'iG)if) and ||[/c.(G)(/)(l - PiEm < e. Therefore C/c*(g)(/) is compact. 

For G = M, the image of G*(R) = Go(K) is generated by the resolvent operator {A + il)^^. 
Therefore its compactness is equivalent to the compactness of the image of G* (M) . □ 

Remark C.4. For a continuous unitary representation {U,T-L) of M, we have the following 
description of the G*-algebra of continuous vectors B{T-L)c ^ B{T-L) for the conjugation represen- 
tation at{A) = UtAUt. 

Let P denote the spectral measure of U. For n e Z, let P,i := P{[n, n + 1)) and Hn ■= PnT-L, 
thus we obtain an orthogonal decomposition T-L = (BnezTin- We use this decomposition for a 
convenient factorization of U. We write Ut = UlU^, where UfV — e™*w for v G Tin- Then is 
a continuous unitary representation with C/27r = 1, so that it actually defines a representation of 
the circle group T = K/27rZ. The representation = UtU^^ has spectral measure supported 
by [0, 1], so that it is norm-continuous. Therefore the two representations U and define the 
same space B{T-L)c of continuous elements for the conjugation action. 

Let q;^ : M AutS('H) be the conjugation a\{A) — UlAU^t, and denote by 

BiTi)n ■■= {A e BiTi) \ (Vt e M) al{A) = e™*A} 

its T-eigenspaces in B{Ti). Then B{Ti)n C B{Ti)c, hence B{Ti)c n B{Ti)n = B{Ti)n- The 
Peter-Weyl Theorem generalizes to continuous Banach-space actions of G (cf. [Sh55[ Th. 2] 
and [HoMo98l Th. 3.51]), hence an application of it to \ B{T-L)c implies that 

SCH)c = spanf U B{H)n)- (15) 

Write A — {Ajk)j.kei. as a matrix with Ajk G B{T-Lk,T-Lj), and keep in mind that the convergence 
A = ^ ^ Ajk = X] S Pj^Pk is in general w.r.t. the strong operator topology. We have 

al{A) = (e"(^-'=)A,fc),-feez, 
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so that 

AeB{H)n ^ (j-fc^n^ Ajfe =0). 

For A = {Ajk)j.kez G B{'H), let An {AjkSj-k.n)j.kei. s-nd observe that An defines a bounded 
operator on hence an element of B{'H)n- If ^ = converges w.r.t. norm topology, 

rieZ 

it follows that A e B{H)c, but this condition is not necessary for A e B{H)c because Fourier 
series of continuous functions need not converge in norm. By ([TSt . the space B(H)c is the norm 
closure of the space span ( U B{'H)n) which consists of those operators whose matrix has only 
finitely many non-zero diagonals. 

C.2 Compact groups 

Proposition C.5. For a continuous unitary representation {11,1-1) of a compact group G, the 
image Uc»(g){C* {G)) of the integrated representation consists of compact operators if and only 
if U is of finite multiplicity. 

oo 

Proof By Proposition 3.4 in jWil07| . we have G*{G) ^ B{Hv) and by jHR97l Thm. 38.3], 

the (finite-dimensional) summand B{'Hy) is the minimal ideal Ty of C*(G) corresponding to 
y G G in the sense that Vc*{g) is faithful on ly and zero on each summand ly ii V ^ V E G. 
Then Uc'{g){^v) — BCHy) (8) Imv: where My := HomG(V^,'H) denotes the corresponding 
multiplicity space. This space consists of compact operators if and only if the multiplicity of V 
in U is finite. Since span{Zy | V € G} is dense in G*(G), this proves the assertion. □ 

Lemma C.6. For a compact group G, a unitary representation U : G ^ U(^) norm contin- 
uous if and only if its spectrum is finite. 

Proof. Since each irreducible representation of G is finite-dimensional, hence norm continuous, 
this property is also inherited by any representation with finite spectrum. 

Suppose, conversely, that U is norm continuous. Then its range U{G) C U(H) is a subgroup 
which is compact in the norm topology, hence a Lie group by Yosida's Theorem ( |Yo36| ) . We 
may therefore assume that G is a Lie group. Let T C G be a maximal torus. Then the 
boundedness of U\t implies that the spectrum of this representation in the discrete character 
group T is bounded (Lemma IC.2p . hence finite. Therefore the classification of the irreducible 
representations of the identity component Go in terms of dominant weights in T implies that 
the Go-spectrum of U is finite because Spec(C/|T) is finite and it contains the "highest weights" 
of the irreducible Go-representations occurring in U. 

For any irreducible G-subrepresentation V ofU there exists an irreducible Go-subrepresentation 
Vo of V. Then 

{0} ^ HomGo(^o,^|Go) = HomG(Indg„(yo),l^) 

implies that V is contained in the induced representation IndQg(Vo). Since Go is of finite index 
in G, the induced representation decomposes into finitely many irreducible G-representation. 
Therefore the finiteness of Spec(J7G(,) imphes the finitencss of Spcc(J7). □ 
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